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Abstract. Based on Garland's work, in this paper we construct the Eisenstein 
series on the adelic loop groups over a number field, induced from either a cusp 
form or a quasi-character which is assumed to be unramified. We compute 
the constant terms, prove their absolute and uniform convergence under the 
affinc analog of Godement's criterion. For the case of quasi-characters the 
resulting formula is an affinc Gindikin-Karpelevich formula. Then we prove 
the convergence of Eisenstein series themselves in certain analogs of Siegel 
subsets. 
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1. Introduction 

One of the most important tools to study automorphic forms is the theory of 
Eisenstein series. In the fundamental work of R. Langlands [35], he showed how 
to get automorphic L-functions from the constant terms of Eisenstein series. This 
method, which was further developed by F. Shahidi and known as the Langlands- 
Shahidi method, has been applied to Ramanujan conjecture and Langlands func- 
toriality. On the other hand, H. Garland [9] [IU] [11] has made very important 
generalizations to loop groups. He considered the Eisenstein series induced from 
a character, and proved the absolute convergence of constant terms first and then 
the Eisenstein series itself, under certain affine analog of Godement's criterion. His 
work lays the foundation of this field, and gives the first example of automorphic 
forms on infinite dimensional groups. 

Based on the methods of Garland, in this paper we study the Eisenstein series 
defined on adelic loop groups over a number field, induced from either a cusp form 
or a quasi-character which is unramified. We prove the absolute and uniform con- 
vergence of these series, and analyze their constant terms and Fourier coefficients. 

Given an untwisted affine Kac-Moody Lie algebra g associated to a complex 
simple Lie algebra g, we have the affine root system $ and the set of simple roots 
A = {ao, ai, ... , a n } such that A = {a>i, . . . , a n } is the set of simple roots of q. 
The affine Weyl group W is isomorphic to the semidirect product W x Q v where 
W is the Weyl group of g and Q v is the coroot lattice. Associated to q we first 
construct the central extension 

f -> F x G(F((t))) -+ G(F((t))) -> I, 

then form the semi-direct product 

G(F((t))) = G(F((t)))xa(F*), 

where F is any field, and <x(q), q e F x acts on F((t)) as the automorphism t \-t qt. 
There are two methods to construct the central extension. One is via the tame 
symbol (|3. 14)) on F((t)) x , and the other is to use a rational representation of 
G and the method of determinant bundles (see [I]). In Theorem 13.181 we give 
the explicit relation between these two constructions. More precisely, we obtain a 
homomorphism between loop groups, which is identity after modulo the center, and 
when restricted on the center is to the power of the Dynkin index of the rational 
representation. 

For a number field F with adele ring A and idele group I, we may form the 

adelic loop group G(A{t)) — G(A(i)) xcr(I), where A(t) = JJ F v ((t)) is the restricted 

product with respect to O v ((t)) for all finite places v. The "F-rational points" of the 
loop group is G(F(t)) where F(t) — F((t)) nA(t). We have defined the subgroups 
B v and K v of G(F v ((t))) for each place v, which are analogues of Borel subgroup 
and maximal compact subgroup respectively. More concretely, B v is the preimage 
of the Borel subgroup of G(F V ) under the map 

G(F v [[t}}) — > G(F v [[t]]) ^ G{F V ). 

We have the Iwasawa decomposition G(F v ((t))) — B V K V . The group G(F„[[t]]) 
can be interpreted as the maximal parabolic subgroup of G(F v ((t))) corresponding 
to A. It can be shown that the central extension splits over G(F V [[i]]), i.e. we 
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may realize G(F V [[<]]) as a subgroup of G(F v ((t))) canonically. The corresponding 
results for the adelic groups are formulated in an obvious way. There is also the 
Bruhat decomposition G(F v ((t))) = B V WB V . These results can be proved by using 
standard theory of Tits systems. 

Fix q € I. If / is an unramified cusp form on G(A), s G C, we define a function 
f s on G(A(t)) x <7(q) by 

fs(g) = |c| s /(po), 

where g — cpa(q)k is the Iwasawa decomposition such that c 6 I, p 6 G(A(t)+), k £ 
K, and po is the image of p under the projection G(A(t)+) ^— > G(A). This function 
is well-defined and we construct the Eisenstein series defined on G(A(t)) XI tr(q) as 

E(sJ,g)= J2 /«(7ff). 

7 eG(F{i) + )\G(F(t)) 

where F(t) + = F(t) n The Eisenstein series is left invariant under G(F(t)) 

and right invariant under X. Similar construction applies for an unramified quasi- 
character Xf on T(A)/T(F) where T is the maximal torus of B. 

The unipotent radical U of f? is the subgroup corresponding to the set of all the 
positive roots of $. It can be proved that U(F)\U(A) is compact and inherits the 
product measure from that of A/F. We define the constant term of E(s, f,g) along 
B by 



E §( s if'9)= E(s,f,ug)du. 

JU(F)\U(A) 



IU(F)\U(A) 

The following theorem is an adelic version of Garland's results in [TP] . 

Theorem 1.1. (i) Suppose that g G G(A(t)) x cr(q) with q £ I arid |q| > 1, 
s £ H = {z € C|5Kez > ft. + /i v }, where h (resp. ft v ) is the Coxeter (resp. dual 
Coxeter) number. Then E{s, f,ug), as a function on U(F)\U(A), converges abso- 
lutely outside a subset of measure zero and is measurable. 

(ii) For any e,n > 0, let H e = {z E C\D\tz > h + h v + e}, u n = {<r(q)|q G 
I, |q| > 1 + n}. The integral defining Eg(s, f, g) converges absolutely and uniformly 
for s G H £ , g G U{A)Q,a ri K ', where VL is a compact subset ofT(A). 
(Hi) Replace f s by the height function h s = \c\ s , and denote the resulting series by 
E(s, h, g), then for a G T(A), 

(1.1) E s ( S ,h,aa(q))= £ (a^q))^"^"^^), 

w£W\W 

where the summation is taken over representatives of minimal length of the cosets 
W\W, L is the fundamental weight corresponding to cxq, p G h* satisfies (p,cq) = 1, 
i = 0, 1, . . . , n and 

A F ((sL-p,^)) 



(1.2) c w (s) = H 



A F ((sL-p,^) + lY 

/3e$+nwi>_ 

with Ap the normalized Dedekind zeta function. 

The formula (jl.ip is an affine analogue of Gindikin-Karpelevich formula. The 
condition £Hes > h + h v is an affine analogue of Godement's criterion. Similarly 
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if we consider the Eisenstein series E(xf, g) induced from an unramified quasi- 
character Xf on T(A)/T(F), then under the condition |q| > 1 and fHe(x^a^) > 2, 
i = 0, 1, . . . , n, the constant term E^(xf, «cr(l)), a 6 T, is given by 

(1.3) E s ( Xf ,aa(q))= £ (oafa))^ -1 '**"^^ ) 

where 

( \ TT A i^iH^W). 

(L4) c4x?H nj^i 2 zfw#)- 

Here Af is the discriminant of F and L(s, x) is the Hecke L-function. 

We have also considered the Fourier coefficients of our Eisenstein series. To 
obtain a general formula would be quite difficult and non-trivial. But at least for 
SL2 we have computed everything explicitly, and the formulas are given in Section 
4.4. 

Following Garland's approach in [TT], we also prove some results on the absolute 
convergence of Eisenstein series themselves instead of the constant terms. For 
example we establish uniform convergence over certain analogues of Siegel sets. 
The proof is technical and involves systematic use of Dcmazure modules together 
with estimations of some norms for both archimedean and non-archimedean cases. 
Let us only state the main results along this direction. 

Theorem 1.2. Fix q G I, |q| > 1. There exists a constant > depending on 
q, such that for any e > and compact subset ofT(A), E(s,f,g) and E(s,h,g) 
converge absolutely and uniformly for s S {z € <C|9iez > max(/i + h v + e, c q )} and 
g G U(A)Cla(q)K. 

Theorem 1.3. There exist constants c\,C2 > which depend on the number field 
F, such that for any e > and compact subset o/T(A), E(s,f,g) and E(s,h,g) 
converge absolutely and uniformly for s 6 {z G CjfHez > max(/i + h y + e,cih v )} 
and g G U(A)Qa C2 K. 

We conjecture that Theorem 11.31 is true for c\ — 1 (in which case the first 
condition reads s G H e ) and arbitrary C2 > 0. In other words we conjecture that 
the domain of uniform convergence for the constant term Eg(s, f,g) in Theorem 
11.11 also applies for E(s,f,g) itself. We again interpret this as the analogue of 
Godement's criterion. We have proved the conjecture for F — Q. For the geometric 
analogue we know that the conjecture is true for F = ¥ q (T), the function field of 

The theory of Eisenstein series on infinite dimensional groups is far from com- 
plete. Besides above conjecture, let us propose some other related open problems. 

(A) Build the foundations of representation theory and harmonic analysis for 
infinite dimensional algebraic groups. Since we are dealing with groups which are 
not locally compact, we do not have Haar measures. One should also concern 
induction from ramified representations, in contrast to what we do in this paper 
where we only consider induction from unramified cusp forms or quasi-characters. 

(B) Generalize the theory of Eisenstein series further to all Kac-Moody groups 
(see |25j for the theory of Kac-Moody groups), and also non-split infinite dimen- 
sional groups. Compute the constant and non-constant coefficients to see if there 
are any new L-functions. See [12] and |32j . 
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(C) Establish the Maass-Selberg relations (see [13] [M] [15] [16]) and as appli- 
cations prove the analytic continuation and functional equations for the Eisenstein 
series. This project, together with (B), would be crucial for the generalization of 
Langlands-Shahidi method. 

(D) In his thesis [33], M. Patnaik investigated the geometric meaning of Eisen- 
stein series on loop groups over a function field, where he used the concept of 
ribbons [23]. It would be interesting to consider this problem for the number field 
case. 

2. Affine Kac-Moody Lie Algebras 

In this section we review the theory of affine Kac-Moody Lie algebras. The basic 
references are [6], [22] and [38] , 

2.1. Definition. Let g be a complex simple finite dimensional Lie algebra. Let 
(, ) denote an invariant symmetric bilinear form on g, normalized such that the 
square length of a long root is equal to 2. Following [6] we call it the standard 
bilinear form. The affine Lie algebra g is a complex infinite dimensional Lie algebra 
constructed as follows. 

Let C[i,t _1 ] be the algebra of Laurent polynomials in the indeterminate t over 
C. For a Laurent polynomial P — J2 c i^ the residue is defined by Res P = c_i. 
Consider the complex infinite dimensional Lie algebra g = C^,^" 1 ] (S>c 9- The in- 
variant form on g can be extended naturally to a bilinear C[t, f ]-valued form on 
g, which we again denote by (, ) . Any derivation D of C[t, can be extended to 
a derivation of g by D(P !g> g) = D(P) g) g. 

Define a C- valued bilinear form on g by 

ip(x,y) = Res \^,V 

tp satisfies the properties 

(i) ip(x,y) = -ip{y,x) and 

(ii) tp([x,y],z) + ip([y,z],x) + tp([z,x],y) = 0. 

Then ip is a 2-cocycle and we define g to be the corresponding 1-dimensional 
central extension of g. The affine algebra g is obtained by adding to g a derivation 

d which acts on a as t — and acts on the center as 0. 
„ dt 

More precisely, g is the complex vector space 

Q = (C[t,t- 1 } ®c g) (BCcQCd 

with the Lie bracket: 
[xi ®aic® p 1 d,x 2 ®a 2 c® fad] = \ [x 1: x 2 ] + Pit^ ~ ®^{x l ,x 2 )c. 

Here Xi € g, [xi, x 2 ] is the bracket in the Lie algebra g and ctj, /3j G C. 
We introduce a C- valued bilinear form (, ) on g by 

(xi © at\c © pid, x 2 © a 2 c © (3 2 d) — Res (t' 1 (xi,x 2 )) + a.\fi 2 + a 2 f3\. 

It is easy to check that this bilinear form is symmetric, non-degenerate and in- 
variant. Note that the restriction of the form (, ) to the subalgebra g C g induces 
the standard bilinear form on g. Following [6] we also call the form (, ) on g the 
standard bilinear form. 
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2.2. Root system of g and subalgebras in g. Let f) denote a Cartan subalgebra 
of g. Let g = f) ® fl« be the root space decomposition of g with respect to f); 

here $ C f)* is the system of roots. We fix a choice of positive roots $ + C let 
A = {ai, . . . , a„} be the subset of simple roots and let a be the highest root. 
Define the following subalgebra in g: 

t) = f) © Cc © Cd. 

This is a maximal abelian diagonalizable subalgebra in g, and is called a Cartan 
subalgebra of g. For a G f)* the attached root space is 

a = {x G 5| [ft, a;] = a(ft)a;, ft G 

and a is called a root if 5« 7^ 0. We extend any linear function A G f)* to a linear 
function on f), which we still denote by A, by setting A(c) = X(d) — 0. Let 5 G f)* be 
defined by ^|(,+c c = 0, 5(d) = 1. Similarly define L G f)* by L|(,+cd = 0, L(c) = 1. 
The decomposition of g into a sum of root spaces with respect to () is 

5=f)® ( f ®cfla)ffi (^®ct))- 

ae$,i£Z iGZ\{0} 

Therefore the root system of g with respect to f) is 

$ = {a + i% e$,«eZ}U G Z\{0}}. 

A root /3 = a + iS with a e f is called real and a root /? = i5, i G Z\{0} is 
called imaginary. The multiplicity dim 5/3 of a root (3 G $ is 1 if (3 is real and is n 
otherwise. 

The following properties of the standard form on g can be deduced from the 
corresponding properties of the standard form on g : 

(, ) ||j is non-degenerate; 

G ) k^s-o is non-degenerate; 

(5/3,5 7 ) = if /? + 7 ^o. 

Let v : f) ~ {)* be the isomorphism induced from the standard bilinear form, and 
we still write (,) for the induced bilinear form on I)*. Moreover we denote by (, ) 
the canonical pairing fj* x f) — > C. Note that 

(ai +zi<5 + jiL,a 2 +»2<^ + J2^) = "2) + H32 +I231, 

and that a root a G $ is real if and only if (a, a) ^ 0, in which case (a, a) > 0. Let 
us write 

$ = <t> re U <t> jm 

for the decomposition of $ into real roots and imaginary roots. 
Define a subsystem of positive roots <& + by 

$ + = {a + ^either i > 0, or i = 0, a G $+}. 

Then $ = $ + U (—$+), and the corresponding system of simple roots is 

A = {a = S - a, ai, . . . , a n }. 
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The following subalgebras of g are the analogues of the maximal nilpotcnt and the 
Borel subalgebras of g: 

= 5/3, n_ = b = f)0n + . 

2.3. AfRne Weyl group of g. For a real root f3 G $ re , let /? v € h, be the coroot. 

Lemma 2.1. Lei a v € f) 6e £/ie coroot of the root a G $, i/ien £/ie coroot of 
(3 — iS + a is (3 V — — (a v ,a v ) c + a v . In particular, the coroot of a is c — 5 V . 

Proof. Let x a , x_ a and a v be a standard basis of g a + g- a + Ca v ~ 5(2, then 

f3 V = [t* ® Xa,^ ®X- a ] 

\%a 1 a] ~l~ ^ (*^a •> ^ — a ) C 

= a V + ^ ([a V ,x Q ],x_ Q )c 
= a v + - (a v , [a; Q ,x_ Q ])c 

V 1 * / V V\ 

= a + - (a ,a )c. 

One can check easily that 

[/3 v ,f ®a; a ] = 2t i ®x a , [f3 v , t' i <g> x_ a ] = -2r l ®x- a . 

□ 

Let p e f)* be the half sum of all the positive roots in then {p,(x() = 1 for 
i = 1, . . . ,n. Let p = p + (1 + (p, a v ))L e fr,*, then (jo, a 4 v ) = 1 for i = 0, 1, . . . , n. 
The number h v := 1 + (p, 5 V ) is called the dual Coxeter number of the root system 
<f>. Therefore p = p + h v L. 

For a real root (3 £ & re , let rp be the reflection whose action on h,* is given by 

r {\) = \-{\,p y )p, A e r/\ 

and whose action on f) is given by 

rp(h) = h-(f3,h)f3 v , hel 

The two actions are dual to each other: 

(r (X),r (h)) = (X,h), h . 

The group W C GL(f)*) generated by r^'s over all real roots (3 e $ re is called the 
afHne Weyl group of 0. The form (, ) is Vy- invariant. Note that any real root is 

a W^-conjugate of a simple root and the line CS is the fixed point set for W. Write 
ri instead of r ai , i = 0, 1, . . . ,n. Then the group W is generated by r^'s. 

Let W be the Weyl group of g, which can be identified with the subgroup of W 
generated by the reflections n , . . . , r n . 

Let Q be the root lattice of g, i.e., the Z-latticc generated by A, and let Q v 
denote the coroot lattice, i.e., the lattice generated by atf ,i — 1,2,..., n. It is 
known that a v e Q v for all a?$. 
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Theorem 2.2. The affine Weyl group W is isomorphic to W X Q v . Write Th for 
h G Q v as an element in W k Q v . Tften the isomorphism is given by, for a £ 

7* a i y r a , r^fi— a r a i )■ Tj a v . 

See [B] , [12] and [35] . The following two lemmas give the explicit action of W on 
f) and f)*. 

Lemma 2.3. Tfte W -action on t) /raes c. Tfte action is given by the formula: for 

a e 7 e Q v , ft e ^ j e Z, 

r a (h + id) = r a (h) + id. 

Tj(h + id) = h + id + i-f- ((h,j) + ^(j,-f)^c, 

or equivalently, 

T 7 (x) = x+(x,c)j- ^(ft, 7) + i (7, 7) (x, c) \ c, Vx £ rj. 

Proof. Since (c, /3) = for every real root /3, c is fixed by M^. We prove the 
second formula for 7 = a v with a € $. The general case can be reduced to this 
one. 



T a v(h + kd) = r$- a vr a (h + id) 
= r 5 _ a (r a (h) + id) 



(« v ,« v ) 



T a {h) + id — (r a (h) + id, 5 — a) I c — a 

( (a v a v ) 
r a (h)+id+(i + (h,a))la v - { ' ; , 



ft + id + icv v - ( (ft, a v ) + - (a v , a v ) ) c. 



□ 



Lemma 2.4. Tfte W -action on rj* /ixes <5. Tfte action is given by the formula: for 
a e $, 7 e Q v , A e If, i e Z, 

r Q (A + iL) = r Q (A)+iL, 



T 7 (A + iL) = A + *L + ii/(7)-l<A,7> + 2(7,7)J*, 
or equivalently, 

T y (x) =x+(x, 6) 1/(7) - (<z, 7} + i (7, 7) (a, ^)) <J, Vx 6 f? . 
In particular, 

T 7 (/3) = /3-(/3,7>S, 

The proof of this lemma is similar to that of Lemma l2.3[ and can be reduced to 
the case 7 = a v with a E $. 



EISENSTEIN SERIES ON LOOP GROUPS 



3. Constructions of Loop Groups 

We shall construct the loop groups associated with complex simple Lie algebras, 
and obtain central extensions of loop groups by using Tame symbols. Then we 
discuss the highest weight representations of loop groups. Another construction of 
loop groups starting from a linear algebraic group and a rational representation 
of this group will be given, and we will see the relationships between these two 
constructions. We also construct adelic loop groups and review some fundamental 
results of H. Garland [7] on arithmetic quotients. 

3.1. First construction of loop groups. We first recall the definition of Cheval- 
ley groups. The main references are [30] and [34]. Let g be a complex simple Lie 
algebra, and we use the same notations in section 2. Fix a Chevalley basis of g. 
The universal Chevalley group associated to g is a simply connected affine group 
scheme G over Z, and for any field F the F-rational points G(F) of G is generated 
by the elements x a (u), a £ <I>, u £ F subject to relations (I3.ip ~ p.3p if rank g > 2, 
or relations (|3~TT) . (|3T3|) and (|3~2|) if g = s( 2 . 
For a £ $, u, v £ F, 

(3.1) x a (u)x a (v) = x a (u + v). 
For a, (3 £ $, a ^ ~(3, u, v £ F, 

(3.2) x a (u)xp(v)x a {u)~ x xp(v)~ x = Yl x ia+j£>{Cij -V), 

where the order of the right- hand- side is given by some fixed order, and the coef- 
ficients Cy are integers which depend on this order and the Chevalley basis of g, 
but not on the field F or on u, v. For a £ $, u £ F x we set 

w a (u) — x a (u)x- a (—u~ 1 )x a (u), h a (u) — ?« q (m)u' q ,(1) _1 . 

Then for u, v £ F x , 

(3.3) h a (u)h a (v) = h a (uv). 

If g = sb, there are only two roots ±a, and the relation (|3.2p above is replaced by 

(3.4) w a (u)x a {v)w a {— u) — x- a {— u 2 v), u£F x ,v£F. 

The universal Steinberg group G'(F) is generated by x a (u), a £ $, u £ F 
subject to relations (13.11) and Q3.2p if rank g > 2, or p.ip and (I3.4p if g = s[ 2 . Here 
for a £ $, u £ F x we define 

w a (u) = x a (u)x- a (— u^ 1 )x a (u), h a (u) = u; q (m)'U) q ,(1)~ 1 . 

Let 7r : G'(F) — > G(F) be the homomorphism defined by ir{x a (u)) = x a (u) for all 
a £ $, u £ F. Steinberg ([34] p. 78] Thoeorem 10) proved that, if |F| > 4, and 
\F\ ^ 9 when g = sb, then (tt,G') is a universal central extension of G. Recall 
from [34j p. 74] that a central extension (tt,E) of a group G is universal if for any 
central extension (it' , E') of G there exists a unique homomorphism <p : E — > E 
such that n'ip = tt, i.e. the following diagram is commutative: 



E 




E' 



G 
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Let C = Ker tt. Matsumoto [30] and Moore (31] (cf. (HI pp.86-87] Theorem 12) 
proved that if \F\ > 4, then C is isomorphic to the abstract group generated by the 
symbols c(u, v) (u, v G F x ) subject to the relations 



(3.5) c(u, v)c(uv, w) = c(u, vw)c(v, w), c(l, u) = c(u, 1) = 1, 

(3.6) c(u, v)c(u, — v^ 1 ) = c(u, — 1), 

(3.7) c(u, v) = c(u _1 , u), 

(3.8) c(u, v) = c(u, —uv), 

(3.9) c(u, «) = c(tt, (1 — 

and in the case $ is not of type C n (n > 1) the additional relation 

(3.10) c is bimultiplicative. 

In this case relations (13.5l) - (|3.9p may be replaced by (|3 . 10[) and 

(3.11) c is skew, 

(3.12) c(u,-u) = l. 

(3.13) c(u,l-u) = l. 



The isomorphism is given by c(u,v) i-> /i Q (u)/iQ,(i;)/i Q (m>) _1 , where a is a fixed 
long root. For a field F and an abelian group A, a map c : F x x f x -> A is 
called a Steinberg symbol on F x x F x with values in A if it satisfies the relations 
()3.5j) - (|3.9|) . and is said to be bilinear if it also satisfies (|3.10[) . 

In the Steinberg group G let c a (u,v) = /i q (u)/i q (u)/i q; (mz;) _1 , a G u,v G F x . 

Lemma 3.1. ( [30j p-26] Lemma 5.4) 
(a) Cq,(u, u) = c-a^ti) - x , Va G $, 

(6) // t/iere exists w G W such that j3 = wa, then cp equals c a or c_ Q , 

(c) For a,j3 £ 

h a {u)hp{v)h a {u)-%{v)- 1 = c a (u,v^^) = cp(v,u^ a ^)-\ 

(d) The Steinberg symbol c a is blinear except for the case G is symplectic and a is 
a long root. 

Suppose that c : F x x F x ->■ A is a Steinberg symbol. By 30, p. 30] Theorem 
5.10, there exists a central extension of G(F) by A such that c Q = c for any 
long root a, if either c is bilinear or G is symplectic. In fact, the symbol gives a 
homomorphism of abelian groups 4> : C — > A We may assume that </> is surjective. 
Then from the universal central extension 1 — > C —> G'(F) — > G(F) — > 1 we obtain 

i -> ^ -> -»■ i 

Kcr0 Ker?!. V ; 

2 

Then G'(F) /Ker0 is the required central extension. If c is bilinear, then c a = c< Q '°> , 
Va G This can be proved by using Lemma 13.11 (c) and checking the Dynkin 
diagrams. Recall that the square length of a long root equals 2. 

The following lemma follows from [35], see [30] pp. 23-24] Lemme 5.1 and Lemme 
5.2. 

Lemma 3.2. In a central extension of G by a Steinberg symbol we have the follow- 
ing relations for a,/5 e $ : 

(a) u) Q (u)a; i g(w){t; Q (it) _1 = x ra p{rjoi,pu~^ ,a 'v), where rj a ,p are integers equal to 
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±1 given by [30] Lemme 5.1 (c), 

(b) W a (u)hp(v)w a (u)- 1 = h ra p(ri at i 3 u~^' aSJ) v)h ra i 3 {i-i at i 3 u~^' aV yy 1 , i.e. 

w a (u)hp{v)w a {u)~ l = c IJafj (v,n a ^u~^' a ) )~ 1 TL ra p(v) 1 

(c) lla^Xpivyhaiu)- 1 = Xp(u^' a >«), 

(d) MuJw/KtOMu)" 1 =^(«^ aV >t;), 

(e) w a {l)hp{u)w a {l)- 1 = h p (u)h a (u-^^), 

(f) w a (u) = w^ a (-u~ 1 ), h a (u) = /i_ a (u) -1 , ?Z) a (l)/i a! (u)i(; Q ,(l) _1 = /i Q (w _1 ), 
(5) w Q (l) _1 x a (u)t« ct (l) = i_ a (-u) = z a (-ir 1 )uj a (u~ 1 ):E a (-'ir 1 ), u^O. 

The tame symbol defined for the field of Laurent power series F((t)) is the map 
(,)ta,„o : F((t))* x F((t))* -> F x given by 

(3.14) (x,y)tame = (-lY (x)v{y) ~ 



yV(x) 

where v is the valuation on F((t)) normalized such that v{t l ) — i. Note that tame 
symbol is trivial on F x x F x . 

Since the tame symbol is a bilinear Steinberg symbol, we obtain a central ex- 
tension of G(F((t))) by F x , assocaited to the inverse of the tame symbol. Let us 
denote this central extension by G(F((t))). It is generated by x a {u) with a £ $, 
u e F((t)) and F x , subject to relations ([5TT]) . (|3~2l) and ([3~T5]) below if rank > 2, 
or relations (|3.ip . (|3.4j) and (|3.15[) if g = s^. By previous remarks, for each a £ $, 

„ _ _ _ 2 

(3.15) MaOM^Ma^r^foyJte^, ^,2/eF((i)) x . 

Then we have the following exact sequence G(F((t))): 

l^f x ^ G(F((t))) G(F(( t ))) _> 1, 

where 7r is given by x Q (u) n- a; Q (u). 

For a real root (3 = a + iS £ $ re , and u £ F, v £ F x , we define for G(F((t))), 

!xp(u) = x a (ut z ), 
wp(v) = x / 3(v)x-p(-v~ 1 )x l 3(v) = w a (vt l ), 
hp(v) = wp^wpiiy 1 = h a (vt l ). 

For G(F((t))) we can define the elements by the same formula with x, w, h replaced 
by x,w,h. From the definition we have 

(3.17) hp(u) = Waiut^Wait 1 )- 1 

2 

2i — 

= h a [u) 
= uTFJ)h a (u). 

It is clear that {xp(u)\u £ F} (resp. {xp{u)\u £ F}) forms a subgroup isomor- 
phic to the additive group G a (F). We call it the root subgroup associated to j3, 
and denote by Up (resp. Up). 
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For a positive imaginary root /3 = iS € < &im+ , i G N, we define the root subgroup 
Up (resp. Up) as follows, which is isomorphic to G™. The map 

exp : *F[[t]] — > 1 + tF[[t}] 

is a bijection with inverse map log . The root subgroup Up is given by 

(3.18) Up = {h otl {exp(u 1 t i ))---h an (exp(u n t i ))\u 1 ,...,u n G F}. 

We define Up similarly, with h replaced by h. 

Lemma 3.3. For each real root f3 = a + id G $ re , there is a unique group homo- 
morphism ipp : SL 2 {F) -> G(F((t))) {resp. G(F((i)))) audi </ia< 

Q ^^(u) (resp. ^(n)), Q ^ i-> ^(u) (resp. ^(u)). 

Proof. For G(F((i))) we have 

Ulp(u) = X a (ut % )X- a (—U t~ l )X- a (ut % ) — W a (ut l ), 

hp{u) = h a (ut l )h a (t i y 1 = h a (u), 

and therefore 

hp(u)hp(v)hp(uv) — /i Q (u)/i a (i))/i Q (ui;) _1 = 1. 

For G(F((t))), we only need to verify the last equation above since others are 
similar. However from (|3.17p it follows that 

hp{u)hp{y)hp{uv)'' i — /i a (u)/i a (w)/i Q (ui;) _1 = 1. 

This verifies that xp(u) (resp. xp(u)) and X-p(u) (resp. X—p{u)) satisfy the rela- 
tions of SL 2 {F). □ 

Apply (|3.17|) and use properties of the tame symbol, we can translate Lemma 
I3.1l and Lemma I3~2l into the data of affine root system $. Assume that a = a$ +i5, 
P — fio + jS 6 $re, where ao, flo G $, i,j G Z. One should not confuse ao with the 
simple root ag — 6 ~ a. Let rj a< p — r) a0t p . 

Corollary 3.4. We have the following relations in G(F((i))) for a, (3 G <fr re : 

(a) x a (u)xp(v)x a (u)~ 1 Xp(v)~ 1 = J] im«+n/j(c«„A; m ,n« m I'"),M,i;e 

(b) h a (u)h a (v) = h a {uv), u, v G F x , 

(c) h a (u)hp(v) = hp(v)h a (u), u,v G F x , 

(d) u> a (u)a;0(u)iu a (u) -1 = x rct p(r] at pu~^' a ^v), u € F x , v e F, 

(e) w Q (u)/i /3 (w)^ Q (u) _1 = h ra p{v), u,v G F x , 

(/) Mu^^Mw)" 1 = sc^u^M, u G F x , w G F, 
Q?) M^MM") -1 = ffip(u^° v >t;), «,»£F X , 

(h) W^hpiu^il)- 1 = hp(u)h a (u-^), U G F x , ^ 

(i) «5 a (u) = w_ q (-m _1 ), haiu)- 1 = h^u' 1 ), w a (l)h a (u)w a (1) - 1 = /i Q (u _1 ), 
it G F x 7 

(j) w Q (l) _1 -r Q (w)w Q ,(l) = x- a (—u) = J (-u -1 )«; a (u -1 )5 a (— tt -1 ), u G F x . 
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Proof, (a) By {3JJ) , 

x a {u)xp (v )x a (u^xp (vy 1 

= X ao (ut' l )xp a (vt° ) X ao (lit 1 ) " 1 Xf3 {vt° ) ~ 1 

= Y[ X m a a +nj3 {c ao ,p- m ,n{ui l ) m (vt 3 ) n ) 

(6): Since the tame symbol is trivial on F x x i ?x , 

h a (u)h a (v) 
= u («.«) v c<*.°o h ao (u)h ao (u) 

_2i_~ 

= [uv)T^ h ao (uv) 
= h a (uv). 



(c): By Lemma 13. II (c), 



h a (u)hp(v) 
hp{v)h a (u). 



(d): By Lemma GU (a), 



w a (u)xp (v)w a (u) 1 

= W ao {ut % )xp {vt 3 )w aa (ut % )~' 1 
= Xr^ttutT^'^vV) 

= x raP (u-^ a ^v), 
where the last equality follows from the formulas 

(^,a v ) = (/9o,ao)> r aP = r a Po + (j - (Po,a!o)i)5. 
(e): By Lemma GEl (b) , 

W ct (M)^(u)w Q (u) _1 

\ / tame 



2(j-(g,c, v )i) ~ 



K a p{v). 
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(/) and (g) are easy consequences of (|3.16p and (|3 . 1 T[) . By (d) the left- hand-side of 
(h) equals h ra p(u). By Lemma I3~2l (e), the right-hand-side of (h) equals 

2i 2i(a,/3 v ) ~ ~ . v. 

uT^--ksr 1 h Pa (u)h ao (u-^ >) 
= u 3 ° w ao (l)hf) (u)w ao (l)- 1 

2(,-(ff, Q v ),) ~ 

= h ra p(u). 

This proves (h). (i) follows from (a) and (g). (j) follows from (c) and the facts 
Va,a — Va,-a = lj see [301 P-24] Lemme 5.1 (c). □ 

For each a G $+, the subgroup of G(F) generated by x a (u) and x_ a (u) (u G F) 
is isomorphic to SL^F) by the map 

(3.19) x a (u) i— > ^ "J, :e_ q (u)h> 

The subgroup B(F) generated by x Q (u) (a G $+) and h a {u) is a Borel subgroup, 
and the subgroup generated by x a (u) (a G $+) is the unipotent radical of B(F). 
When F is a local field, G(F) is a locally compact topological group. We choose 
a maximal compact subgroup K of G(F) as follows. We first choose for SL 2 (F) 
a maximal compact subgroup. If F — R or C we choose SO2 (M) or SU2(C). If 
F is non-archemedean, we choose SL2 (Of) where Of is the ring of integers of F. 
Using f|3 . 19[) we obtain a maximal compact subgroup in the SL2 (F) corresponding 
to each positive root a. Let K be the subgroup generated by these subgroups. Then 
we have the Iwasawa decomposition G(F) = B(F)K. 

Let B be the preimage of B(F) of the canonical projection G(F[[t]]) — > G(F). 
It is easy to prove that Bq is generated by the elements x a (u) where either a G <&+ , 
u G F[[t]} or a G $_,it G iF[[t]], and the elements h a (u), a G u G F[[i]] x . The 
subgroup Bq plays the role of Borel subgroup for G(F((t))). Let TVo be the group 
generated by w a (u) with a G u G F((t)) x . 

Lemma 3.5. The subgroup Hq — Bq f] Nq is generated by elements h a (u) where 
a G u G -F[[i]] x , anrf is normal in Nq. 

Let So = {w ao Ho, . . . ,w an Ho} C Nq/Hq. Let w a = w a (l), w a = w a (l). 

Theorem 3.6. (G(F((t))), Bq, Nq, So) is a Tits system, and its Weyl group is 
isomorphic to W . Moreover w ai HQ 1— > ri gives an isomorphism. 

Theorem 13.61 follows from 21, pp. 37-38] Theorem 2.22 and 2.24. Now consider 
the central extension G(F((t))). 

Theorem 3.7. There exists a lifting G(F[[t}}) — > G(F((t))) given by x a (u) h-> 
x a (u), where a G G 

The proof of Theorem 13.71 requires the theory of highest weight representations 
of loop groups, and will be given in the next section. Assume its validity at the 
moment, we may regard G(F[[£]]) and its subgroups as subgroups of G(F((t))). In 
particular we may identify Up with Up for each f3 G $+. Let B be the preimage of Bq 
in G(F((t))) under the canonical map G(F((t))) -4 G(F((t))). Then B = B Q x F x 
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is a subgroup of G(F[[i]]) x F x . Let N be the subgroup of G(F((t))) generated by 
the center F x and the elements w a (u) with a G $, it G F((i)) x . 

Lemma 3.8. TTie subgroup H = B C\ N is generated by the center F x and the 
elements h a (u) with a G $, u G F[[i]] x , and is normal in N. 

Let 5 = {w ao H, w an H} c iV/fl". 

Theorem 3.9. (G(F((t))),B,N, S) is a Tits system, and its Weyl group is iso- 
morphic to W under the isomorphism given by w ai H i— > r,. 

Lemma 13.81 and Theorem 13.91 are immediate consequences of Lemma 13.51 and 
Theorem 13. 61 We shall always identify the quotient N/B n N with the affine Weyl 
group W using the isomorphism in the theorem. 

Lemma 3.10. For every a G $, h a (t l ) G N and it maps to T-t a v G W. 

Proof. h a (t l ) = w a (t' l )w~ 1 G N. The isomorphism in Theorem l3.9l maps ws- a w a 
to r$^ a r a = T Q v. On the other hand, 

w S - a w a 

= w^ a (t)w a 

= w Q (-i _1 )w a 

= h a {-t- l )h a {-l) 

= Kir 1 ), 

where the 2nd equality used Lemma l3~2l ( f). the 2nd last equality used [30l pp. 34-35] 
Theoreme 6.3 (&), and the last equality used Corollary 13.41 (b). Therefore h a (t~ v ) 
corresponds to T a v G W. □ 

The standard results about Tits system implies the Bruhat decomposition 
(3.20) G(F((t))) = (J BwB. 

The general Bruhat decomposition with respect to parabolic subgroups also applies 
to the loop groups, where the notion of parabolic subgroups are explained below. 

For any 9 C A = {ctQ, ax, ■ ■ ■ , a n }, there corresponds to a parabolic subgroup Pg 
of G(F((t))) such that P 8l C Pe 2 if and only if 6q C 6 2 . Let P e = M e N e be the Levi 
decomposition where Me is the Levi subgroup, and Ng is the unipotent radical. 

For example, we have P^ = G(F((t))), P = B, M = T x F x where T ~ is 
generated by h a {u) with a G $ and u <E F x . An important example is the maximal 
parabolic subgroup Pa = x F x with Ma = G(F) x F x . In fact these are 

the subgroups from which we induce the Eisenstein series in section 4. 

Let U = N® be the unipotent radical of B = Pg, i.e. J7 is generated by the 
elements x a (u) where either a G u G F[[i\] or a G u G tP[[i]]. Let J7+ be 
the subgroup generated by the elements x a (u) where a G and tt G P[[i]], and 
U~ be the subgroup generated by the elements x a (u) where a G <£>- and u G <P[[i]], 
and D — BtlNbe the subgroup generated by the center F x and the elements h a (u) 
where a G u G P[[i]] x , and D 1 be the subgroup of D generated by h a (u) where 
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a e $ and u e 1 + tF[[t}}. Let T = T x F x , then both T and L* 1 are stable under 
the conjugation of W. 

Lemma 3.11. f |21l p. 29] Proposition 2.1) We have unique factorizations 

D'= J] ^ ^ C/+ = II U P> D = TD\ 

Pei lm+ /3e$ re+ 

B = TU = U-DU + , U = U~D 1 U + = Yl U H- 

In general let = U ± C\Ng, then 

(3.21) N e = Ng D 1 N g ^ . 

Note that if $g is the subsystem of $ generated by 9, then 

(3.22) N e = H U a . 

Let Wg be the subgroup of W generated by {r^a,; 6 0}. The following result is 
also standard, see [2]. 

Theorem 3.12. For 6\, 2 a A, there is the Bruhat decomposition into disjoint 
unions 

G{F{{t)))= (J Pg lW Pg 2 , 

W 01 \W/Wg 2 

where w runs over a set of representatives of the double cosets in Wg^W /Wg 2 . 
The following is such a set of double coset representatives: 

W(9i,0 2 ) = {we Wlw^Oi C §+,wd 2 C $+}. 
Moreover for each w £ W (61,62) there is a bisection 

P Sl wPg 2 ~ P 8l x {w} x U w , 

where 

u w = Yl U a . 

a>0,wa<0 

Assume now F is a local field. For a real root /? € $ re , we denote Kp the image 
of the standard maximal compact subgroup of SX 2 (-F) under the map tpg in Lemma 
13.31 Let K denote the subgroup of G(F((t))) generated as follows: 

{(k p ,P G$ re ,±leM x V ]£F = R, 

[Kp,P € ^rcS 1 C C X J , ifF = C, 

[Kf,,p £ G(0 F [M])) , if F is p-adic. 

The standard method using Tits system shows that there is the Iwasawa decompo- 
sition 

G(F((t))) = BK. 

For all local field F and all real root j3, wp — wp(l) € K, therefore W has a set of 
representatives in K. Denote the image of K in G(F((t))) by Kq. 
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Now let us construct the full loop group G(F((t))). The reparametrization group 
of F((t)) is 

Autjrf((t)) = e F[[t\]\ui + o| , 

where a{t) g AutpF((t)) acts on F((t)) by u(t) \-} u(a(t)), and the group law is 
(a i * er 2 )(<) = <T2((Ti(t)). This induces an action of Aut^F((t)) on G(F((t))) as 
automorphisms. It is easy to check that the action of AutpF((t)) preserves the 
tame symbol, therefore it acts on G(F((t))) as automorphisms. More precisely, we 
have 

a(t) ■ x a (u(t)) = x a (u(a(t))), 

and the action on the center F x is trivial. It is also clear that the subgroup G(F) 
is fixed under this action. We have the semi-direct product group 

G(F((t))) x Aut F F((i)) 

on which there is the standard relation 

a(t)g<j- 1 (t) = a(t)-g. 

We shall only consider the subgroup <j(F x ) C AutpF((t)) which consists of the 
elements <r(q) = qt (q e F x ). It is clear that cr(F x ) is isomorphic to G m (F), We 
form the semi-direct product group 

(3.24) G(F((t))) = G(F((t)))xa(F*). 
Consider the tori in G(F((i))), 

(3.25) T^f^T, 

where T = Tx a(F x ). The torus T ~ <G™j +2 will play the role of a maximal torus 
for G(F((t))). Then we have the cocharacter lattices 

X*(T) — Xm (f) — ^ X*(T) 



Q v ^ Q v © Zc -^-^ 

where Q^ ff = Q v © Zc © Zd is called the afhne coroot lattice. It has a basis 
{a/, . . . , ot£, c, d}, and {ag , a/, . . . , a^, <i} is also a basis. The identification of Q^ s 
with X*(T) is, for A = a v +ic + jd G Q^ ff , where a € i,j G Z, the corresponding 
cocharacter is A : G m — > T given by 

A(u) = h a (u)u l a(u J ). 

It is clear that N normalizes T, and therefore W acts on T. On the other hand 
W acts on \) by the formula in Lemma [2~3l and the lattice is stable under the 
action. We have 

Lemma 3.13. The cocharacter map 

Ql s xG m ^T, (A, u) M- \{u) 

is W -equivariant. 
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Proof. The lemma is equivalent to that, for every w G W, let w G N be a 
representative, then 

(3.26) 5A(!i)w _1 = (w ■ A) (it). 

It is clear that (|3.26l) is true for w £ W. We now prove it for w = T_ Q v . By Lemma 
13.101 w = h a (t) is a lifting of w. For A = /3 V G Q v , (|3.26p is a special case of the 
following identity 

Mt^MtOMt')- 1 = u < aV '^ v )Mu), 

which follows from Lemma I3TT1 (c). It remains to prove (|3.26[) for A = d, for which 
the left-hand-side of (|3.26[) is 

(3.27) h a {t)a{u)h a {ty l 

= a(u)h a (u^ 1 t)h a (t)^ 1 

= <t[u)u h a (u ), 

where we have used (|3. 15|) . By Lemma 12.31 

(a v ,a v ) 2 

T_ Q v (d) = — a v - c + d = — a v — -c + d. 

2 {oe,ai) 

Therefore T_ Q v(d)(u) is equal to the right-hand-side of (|3 . 2T|) . □ 

Finally, define B = B yi a(F x ). If F is a local field, we also define 

(3.28) K = Ky>a(M F ), 
where A4f is the maximal compact subgroup of F x , i.e. 

r {±i}, ifF = R, 

Mf={ S\ ifF = C, 

I O f , if F is p-adic. 

3.2. Highest weight representations of loop groups. Let A G f}* be a domi- 
nant integral weight, i.e. (A, a() € Z>o, i = 0, . . . , n and (A, d) G Z. Let Va be the 
corresponding irreducible highest weight representation of q, and da be a highest 
weight vector. A vector v G V\ is said to be homogeneous of weight \x if it lies in a 
weight space Va, m . Every vector v € V\ is a sum of homogeneous elements (called 
components of u). There is a lattice Va.z C V\ which is preserved by the action of 

— (X a ® t i y G U(g) for every positive integer j and basis vector X a G Q a in the 

Chevalley basis of q. Moreover, 

A* 

where runs over all the weights of V\, and Va.^.z = V\,x H V\. M . Assume that 

Vx,A,Z = Z«A- 

For any local field F, Va,f = V\,z ®z F is a representation of G(F((t))), with 
the action of x a {ut l ) given by 

oo ^ 

Xaiut^V = ^ —U 3 {X a ® t*) j V 
3=0 ] ' 
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for every v £ Vx,f- Since (X a <S> t i yv = for j large enough, the sum above is 
finite. Since the operators X a (git 1 (i £ Z) are commutative, and (X a <g>t z )v = for 

oo oo 

i large enough, for u — ^2 e -^(W) the product L] ^ a (uit l )v is finite, and we 

i—N i=N 
oo 

define the action of x a (u) as \\ x a (uit l ). The action can be extended to an action 

i=N 

of G(F((t))) by setting 

(3.29) <r(q)v = q^v 

for each v £ Vx^f- 

Theorem 3.14. (Garland [7]) There is an action of G(F((t))) on Vx.f defined as 
above. The action of u £ F x on Vx.f is the scalar u^'^ , and the action of h a (u) 
(a £ $) on V x ^ tF is z>' qV> . 

If F — R or C, there is a hermitian inner product (, ) on V\,f such that 

(i) (v\,v\) = 1, 

(ii) homogeneous vectors with different weights are orthogonal, 
(in) there is a homogeneous orthonormal basis contained in Vx,z, 

(iv) elements of K act as unitary operators. 

(v) X a C$i t % and X_ a ® t~ % are adjoint operators. 

In particular, the norm ||u|| = (v,v)z > 1 for all v £ Vx.z, v ^ 0. If F is a p-adic 
field with Of the ring of integers and tt £ Of a uniformizer, we let 

and define a norm on Vx,f by setting ||0|| = and \\v\\ = \tt 1 \ for v ^ 0, where I 
is the largest integer such that v £ 7t z Va,o f - Recall that the normalized absolute 
value on F is defined by \tt\ = q^ 1 where q is the cardinality of the residue field 
Of/ttOf- Since the action of K preserves Vx,o F , this norm is preserved by K. We 
also have \\xv\\ = \x\\\v\\ for x £ F, x £ Vx,f, and ||ui + vz\\ < max(||ui||, ||«2]|)- 

Now we are ready to prove Theorem 13.71 Let % be the subgroup of G(F((t))) 
generated by the elements x a (u) with a £ <f>, u £ F[[t]]. Write 7r for the projection 
G(F((t))) -> G(F((t))). It suffices to prove the following lemma. 

Lemma 3.15. tt : % — > G(F[[t]\) is an isomorphism. 

Proof. Using U(q) = U-(q)U + (q), we have a decomposition 

Vx = Vx(0)®V x (l)($--- , 

where 

i 

V x (d) = Span{(X Ql ® ■ ■ ■ (X ai ® r*)«x|* > 0,^ * = 4- 

i=l 

It is clear that Vx(0) is the highest weight module of g with highest weight A|[,. 
Then Vx(0) is a representation of G(F) and becomes an ^-module via the following 
diagram 

H *G(F[[t])) 

t=o 

G(F) >GL(Vx(0)) 
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Assume u € Ker(-7r|^) C F x , then u acts on V\(0) trivially. On the other hand 
by Theorem 13. 141 u acts by the scalar u^'^ . Therefore u^ A,c ^ = 1 for any dominant 
integral weight A. It follows that u = 1. □ 

Using Thcorem l3.14l we can also prove the following lemma for p-adic loop groups. 
Lemma 3.16. If F is p-adic, then 

Ker(7ry = O*. 

Proof. If u e Ker(7r|£) C F x , since K preserves V\o F we obtain u^ x,c ^V\_o F = 
V\.o F by Theorem 13.141 It follows that u^'^ € O f for any dominant integral 
weight A. This implies u £ O f . □ 

3.3. Second construction of loop groups. We start from the example G = 
GL n . A lattice L of an n-dimensional i^((i))-vector space V is a free -F[[£]]-submodule 
of rank n. In other words L is a F[[t]]-span of a basis of V. Any two lattices L\, 
L-2 in V are commensurable, which means that the quotients L\j(L\ n £2) and 
Lij[L\ fl L2) are finite-dimensional over F. For example any lattice in F((t)) n is 
commensurable with F[[i]] n . 

Let L be the lattice F[[t]] n , and g 6 GL n (F((i))). Since gL Q / {L Q C\gL ) is finite- 
dimensional over F, we can define the top wedge power A top (gL /L r\gL ), which 
is a one-dimensional vector space over F. Let det(Lo, gLg) be the tensor product 

A top (gL Q /L Q n gL ) <E> F A top (L /L n gUy 1 , 

where (— ) _1 = Homf (- ,F) denotes the dual vector space. And let det(L>o, gLo) x 
be the set of nonzero vectors in det(Lo, gl/o), which form a _F x -torsor. Now define 
the group 

GL n (F((t))) st = {(g,u g )\g e GL n (F((t))),u g e det(L 0l gL ) x }. 

Here the subscript "st" stands for the standard representation of GL n . The multi- 
plication in the group is given by 

(g,u g ){h,u h ) = (gh,u g Aguj h ), 

where guih is image of uih under the natural map det(Lo,/iLo) ~^ det(gLo, ghLg), 
and (jj g A gujh is defined by the isomorphism det(_Loj<?^o) A det^Loi ghLo) — ► 
det(L ,ghL ). 

cr(q) € Aut^ F((t)) with q G F x preserves Lqi hence induces the maps 

gL /L ngL — > (a(q)-g)L a / 'L a n(a(q)-g)L , L /L r\gL — ► L /L n{o-(q)-g)L . 

Therefore tr(q) induces the map det(io, qLq) — > dct(io, (c(l) • 9)Lq), hence acts on 
the group GL n (F((t))) st . We can form the semi-direct product group 

GL n (F((t))) st = GL n (F{{t))) st x a{F x ). 

Suppose that G is a linear reductive algebraic group over F , and (p, V) is a 
(faithful) rational representation of G. Then G(F((t))) acts on VWt)) = V ®f 
F((t)). Let Vb = V F [[ t ]] =V® F F[[t]], then Vb is a lattice of V F ^ t ))- Define the 
following loop group 

G(F((t))) P = {(g,u g )\g e G(F((t))),w fl e det(Vb,K<?)V ) x }. 
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The group law is defined similarly as the GL n case. It is clear that G(F((t))) p is 
a central extension of G(F((t)j) by F x . cr(q) acts on Vp((t)) as id (g> cr(q), which 
preserves Vq. Therefore we can form the full loop group: 

G(F((t))) p = G(F((t))) p xi <t(F x ). 

From the construction it is seen that this notion only depends on the equiva- 
lence class of p. Namely, if (p,V) and (p',V) are equivalent representations of G, 
then G(F((t))) p and G(F((t))) p > are isomorphic. To show this, let / : V V be 
any intertwining linear bijection, then f{p(g)v) — p'{g)fv for all v £ V, g £ G. 
The action of / extends to Vpn t \) = V <S>f F((t)) by scalar extension. Then 
f(Vo) = Vq, f(p{g)Vo) — p'idWoi an d / induces an isomorphism of F x -torsors 
f g : dct(Vo, p(g)Vo) x — > det(V ', p'{g)V$) x , which commutes with the action of 
er(F x ). Let us identify f g with a scalar in F x . Then 

/ : G(F((t))) p -> G(F((t))) p , , (g, u g ) x a(u) ^ (g, f g w g ) x a{u) 

is a group isomorphism, which can be checked easily. Write / for the restriction of 
/ to G(F((t)))p, then the the following diagram with exact rows is commutative 



1 



1 



F x 



id 



■G(F((t))) f 



G(F((t))) f 



G(F((t))) 



id 



G(F((t))) 



1 



1 



It is also clear that /2 ° /l = /2 ° /i if Vi -V -4 V3 are equivalence of represen- 
tations of G. 

Lemma 3.17. 7/G is a connected and simply connected semisimple algebraic group 
split over F , then the isomorphism f : G(F((t))) p — > G(F((t))) p > does not depend 
on the choice of the intertwining map f. 

Proof. It ie equivalent to prove that if p = p' and / : V — > V is an intertwining 
map, then / = id. In other words, we have to show that f g : det(Vb, p(g)Vo) x — > 
det(Vb, p{g)Vo) x is the identity map for all g £ G{F{{t))). We may assume that 
V = mV T where V T is irreducible. Then Schur's lemma implies that / is given by 
an element af £ GL m (F). Recall that for any two lattices L\, L2 in Vp/m), we have 
the notion of relative dimension 

L\ .. L2 



dim(ii, L2) = dim^?- 



— dim p - 



LiC\L 2 L\ n L 2 

It is easy to see that 

(i) dim(/iLi, /1L2) = dim(Li,i2) for any h £ GL(VF((t))), 

(ii) dim(Li, L 3 ) = dim(Li, L 2 ) + dim(L 2 , L 3 ). 

Since / commutes with p(g), we have f g — (detaf) dlm( - VT °' p ^ v ^°\ where V r0 = 
V T ®FF[[t]\. Therefore we only have to show that dim^o, p(g)V T o) = 0. By Bruhat 
decomposition [20] we have g = bwh' , where b,b' £ Bq C G(F[[t]]), w £ W ~ 
W x X*(T) = W k Q v , since G is simply connected. Recall that Bq is the preimage 
of B(F) of the projection G(F[[i]]) — > G(F), and we have used the notation Bq for 
the consistency with section 3.1. Since p(G(F[[t]})) c GLv(F[[t]}), and the latter 
preserves Vq, by (i) above we may assume that g £ W and is mapped into Q v . Then 
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g is a product of elements of the form h a (t), a £ $. Using (i) and (ii) repeatedly 
we get the formula 



dim(L, h\hi ■ ■ ■ h n L) = dim(L, h\L) 



dim(L, h n L). 



Hence we are reduced to prove that dim(V T o, h a (t)V T o) = 0. However this follows 
from the facts that h a (u) acts on the weight space V T .\ of V T of weight A by the 
scalar u< A > aV >, (r a X, a v ) = -(A, a v ), and dimV^A = dim^-.A, e W. □ 

Let us denote by [p] the equivalence class of representations of p. Under the 
condition of Lemma 13. 171 G(F((t))) pi and G(F((t))) P2 are canonically isomorphic 
for any pi,p2 € [p], and our loop group can be written as G(F((t)))t p ]. 

To see the relations with the construction in section 3.1, let us assume that G is 
a connected and simply connected simple linear algebraic group split over F. Let 
Qf be the (simple) Lie algebra of G, and g — gz ®z C be the complex simple Lie 
algebra, where gz is the lattice spanned by a Chevalley basis of Qp- Let G(F((t))) 
be the central extension of G(F((t))) constructed in section 3.1. Let (p,V) be a 
rational representation of G. 

Theorem 3.18. There exists a group homomorphism <j> p : G(F((t))) — > G(F((t))) p 
such that the following diagram is commutative 



1 



G(F((t))) 



■G(F((t))) f 



G(F((t))) 



id 



G(F((t))) 



1 



where d p is the Dynkin index of the representation p, and F x -A- F x is the d p -th 
power. 

The Dynkin index of a representation, introduced to the theory of G-bundlcs 
over a curve by Faltings [5] and Kumar et. al. [26], is defined as follows. By abuse 
of notation we also write the representation p : g — > sl(V). Let 



chv = ]T 



n\e 



be the formal character of V. Then the Dynkin index of p is defined to be 



[29] contains a Lie algebra version of this theorem, which is much easier to prove. 
The minimal Dynkin index d g is defined to be mind p where p runs over all repre- 
sentations p : g — » sl(V). The following table is given in [2^] . 



Type of g 




B n , n>3 


G n 


D n , n>4 


E 6 


E 7 


E 8 


F 4 


G 2 


d B 


1 


2 


1 


2 


6 


12 


60 


6 


2 


A s.t. d g = d Px 


V3\ 








m e 


V07 


G7 8 


ZJ4. 





Proof of the Theorem. By the existence of canonical lifting (Theorem 13. 7|) 

G(F[[t]\) ^ G(F((t))), 
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and that p(G(F[[t}])) preserves Vq, we first define (f> p (x a (u)) — (x a (u),l) for a 6 
G F[[t]]. For general u G F((t)), choose /3 G $ with (a,/3 v ) ^ 0. There exists 
v G such that v'^^^u G F[[t}}. Let hp(v) = (hp(v),u) be an element in 

the preimage of hp(v) under the projection G(F((t))) p — > G(F((t))). We define 

(3.30) 0p(2a(«)) = M w )^( 5 «(»~ <a,flV M)V«)~ 1 - 

Let us check that this is well-defined, namely, the right-hand-side of (|3.30j) does not 
depend on the choice of hp(v). But we have 

(3.31) hp{v)<t> P $ a (v-^) u ))h p ( v )-i 

= (^(«),a;)( a;Q ( U -^ V ^),l)(^(«)- 1 ,^( U )- 1 a;- 1 ) 

= (x a (u), LU A X^UjLO^ 1 ). 

Then we have to prove that for oj' G det(Vb, V( u ')^o) x with v'-^' v >u G 

w A x a (u)u) = a/ A 5C (ti)u/ . 

Let = G det(/i /3 (u)Vb, hp>(v')Vo) x . Since 

x„(u)^(i;)Vb = h p (v)x a (v-< a '^u)V = h p (v)V 

and similarly x a (u)hp>(v')Vo = hp>(v')Vo, it is clear that x a (u) acts on the finite- 
dimensional spaces 

h (v)V o h p ,(y')V Q 

hp(v)v n hp,(v')v ' h p {v)v n VK)K) 

unipotently. Taking top wedge product we see that x a {u) fixes r\. This proves ()3.30j) 
is well-defined. 

To show that <f> p is the required homomorphism, we need to verify that 
(i) 4> p (x a (u)), a G $, u G F((i)) satisfy (pU ]) -(pn ]) . 

~ ~ ~ 2 

(m) (^(M"))<MM w ))<MMH) _1 = (u,v) ta £ e a) " , a G $, w,u G F((f)) x . 
(I3.1[) is trivial. (|3.2[) is clearly true when u, v G -F 1 [[£]], and to prove the general case 
we need a lemma. 

Lemma 3.19. Suppose that Q is a simple complex Lie algebra with root system $, 
a, ft are positive roots in $, then there exists 76$ such that (a,7 v )(/3,7 v ) > 0. 

The lemma can be checked for the Lie algebra g of type A, B, . . . ,G separately. 
Since we cannot find this lemma in the literature, let us sketch procedures of the 
proof. If a = /3 then it is clear. Otherwise (a, j3) < 0, and {a, /?} generate a Lie 
algebra of rank 2. In this case we can check the lemma for all root systems of rank 
2, namely A2, B2 and Gi- For (a, 0) = we only have a case-by-case proof, and 
we omit the details here. 

We continue to prove Q3.2p . Since a + (3 ^ 0, there exists w G W such that 
wa,wf3 > 0. By Lemma [3.191 we can find 76$ satisfying (a, 7 v )(/3, 7 V ) > 0. 
Then there exists a G F((t)) x such that a~( a '^^u, a'^'^^v G F[[t]]. As before let 
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/i 7 (a) = 7 (a),w) G G(F((t))) p . It follows that 

0p (x Q (u) )</> p (Xp (v) )<f>p (x a (u) ) " 1 cj> p {Xj3 («) ) ~ 1 

= h 7 (a) [] ^(xia+i| 9 (c^(a-< a '' ),v >tt) < (o-^'T v >t;y'))7i 7 (o)- 1 



II M^-i/3( c if uV ))- 

This proves (I3.2[) . The same trick also applies to the proof of (|3.4p . 

Let us compute the 2-cocycle and prove (ii) above. It suffices to treat the case 
= sl2- In fact, if we define 



2 

A 

for a£$, then e a is proportional to 1/ (a, a) . So assume g = s[2, a is the simple 
root, and we shall prove that 

where u,v G F x , i, j G Z. Let us restrict to the case i,j > 0. Other cases can be 
treated similarly. We can further assume that p is irreducible, say, of highest weight 
m, then V has the weight space decomposition 



y= v x , 



A— m,m — 2,....— m 

and dp = 7: X) A 2 = Xa>o^ 2 - We nrst stu dy the element 0p(izL Q (ci~ 4 )) where 
2 a 

cef x ,ie Z> . By ([3~3"2l we have 

<j}p{x- a {ct~ % )) = (i^tct^^wAi^fcr'^" 1 ), 

where w G det(Vo, h a (t l )Vo) x . Let {«a|A = m, m — 2, ... , — m} be a basis of V such 
that X_ q i>a = v\-2- Since h a (t l ) acts on Vaj?(( 4 )) as the scalar i iA , we can choose 
u = /\ wa, where 

A— m,m — 2.--- ,— m 



(3.32) oj x = 



AiiiX^A, ( if A < 0, 
(Alio^V) \ if A > 0. 



Recall that the action of X- a (ct l ) is given by 

x- a {ct > A = 2^ — — Xi Q v A = 2^ — U A _2i, 

from which it is seen that x a {cb~ % ) preserves the F-span of {t l v\\X < 0, iX < I < — 1} 
and acts unipotently. Write uj = lo + A where u + = f\ u)\, u- — f\ uj\, with 

A>0 A<0 

the A's in decreasing order. Then x- a (ct~ l ) fixes uj^, and 

w A X- a (ct~ l )ui~ = uj + A x~ a {d'~' t ) w + • 
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Now we have 

(t) p {h a {ut 1 )) 
= 4> p {w a (ut l ))(f>p(w a (l)) 

= {x a {ut% i)$ p {x- a {-u-h-' l )){x a {ue), l)(tU a (l), i) 

= (x a {ut i ), l)(x_ (-u -1 * _< ),w + A x^ a (-u^ 1 r l )io^ 1 )(x a {ut t )w a (l),l) 
= (x a (ut l ),uj), 

where 

W = X a (uf )(u! + A X- a { — U~ £ _l )afjl ) 

— X a (ut Z )oj + A X a (ut Z )X- a ( — U~ 1 t~'')uj^_ 1 

— uj + A w a (ut % )x a (— iti^wT 1 

= U1+ A W a {ut l )bJ^_ . 

From the action of w a on V it is seens that 

iX-i 

w a {uf = w a {ut) f\ f\ t l v x 

A>0 (=0 

= A A (-i)^u- x t l - iX v-x 

\>0 1=0 

A>0 i=-iA 
\A>0 / A>0 

In summary, we can write 

(3.33) 4> p (h a (uf)) = (h a (ut' l ),u} U:i ), 

where 

u u ,i = Ylislu- 1 ^) f\ uj t .x A f\ 0Ji-x, 

A>0 A>0 A>0 

ex = (— 1) ( i ' , and w^x is given by (|3.32[) . Let us apply this to prove (it). We 
have 

(j) p (h a (ut l ))(j)p(h a (vt j )) = (h a (uvt l+j ),uj u ^ A h a (uf)uj v j) 
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and 

Uu,i A h a (ut l )L0 v .j 

/iX-l 



= n(4 +J -- a v^)A ( A*H A ( A 

A 

A>0 V /=0 



A>0 A>0 V (=0 / A>0 M = -iA 

-1 




a a A u x f x+i v x 

A>0 \ Z=0 / 

= U(u-^v^)l[(e^( X y)-^ 2 ) A ( A M A ( A * 



l v-x 




A>0 A>0 

/(i+j)A-l \ ~* 

aA A ^ A 

a>o y ;=iA y a>o 

A>0 

= (xt \yt^) tarne ui uv ^+j, 

where the second last equality is obtained from a direct counting. This finishes the 
proof of (ii), hence <j) p is the required homomorphism. □ 

3.4. Adelic loop groups and arithmetic quotients. Let F be a number field, 
and for each place v let F v be the completion of F at v. For each local field F v , 
we have the local loop groups G(F v ((t))), G(F v ((t))) and G(F v ((t))) constructed 
in section 3.1 which correspond to a complex simple Lie algebra g. We add the 
subscript v to indicate the corresponding local subgroups. So we have 

Bo v B v '-t B v , 
K 0v =— > K v =— > K v , 
T v c y T v c y T v . 

For example in G(F v ((t))) we have T v — T v x a(F*). We form the restricted direct 
product group fl v G(F„ ((*))) (resp. n^(F„((t)), 111 G(F„((t)))) with respect to 
(resp. iT„)'s. 

Let A and I be the adele ring and the idele group of F respectively. We let A(t) 
be the restricted product f\ v F v ((t)) with respect to O v ((t))'s for finite places v. In 
other words, 

&-{t) = {( x v)v\x v G F v ((t)), and x v G O v ((tj) for almost all finite places v}. 

Note that we do not require that (ar„)'s in have bounded poles, so the ring 

A(t) is not a subring of A((t)). Let 

F(t) = F((i))nA{i), 

i.e. F(t) is the subset of the elements x G F((tj) such that a; G O v ((t)) for almost 
all finite places v. We also define 

F{t) + = F(t) n F[[t]], A(t)+ = A(t) n A[[t]]. 

Lemma 3.20. F(t) is a subfield of F((t)). 
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Proof. The only thing we need to check is that if x £ F(t) and x ^ then 
x^ 1 G F(t). We can assume that x = 1 + + .T2t 2 + ■ • • , then the coefficients in 
are polynomials of x n 's. Therefore x^ 1 also lies in F{t). □ 

We shall denote U' v G{F v {{t))) by G(A(t)), and ^ G(F„((t)))Jqr G(A(t)). For 
a G $, m G F((t)), we also denote by x a (u) the element in FT G(.F„ ((£))) whose 
u-component is x Q (u) in G(F v ((t))). If u G then x a {u) G G(A(t)). We denote 

the subgroup generated by x a (u) (a G $,u G -F(t)) and G(F(t) + ) by G(F(t)). It is 
clear that G(F{t))/F x is isomorphic to G(F(t)). we have the diagram with exact 
rows 

1 > F x >■ G(F(t)) »- G(F(t)) 1 

1 - I ^ G(A(t}) > G(A(t)) > 1 



*■ G(A(t)) >1 



if- 

V 

f 

Y[u v , 

V 

r 

if 

V 

IF 



1 *■ l/F x ^ G(A(t))/F x 

where F x ^ I is the diagonal subgroup. 
We define the subgroups of G(A{t)): 

f = f (A) = 

U = U(A) = 

B = B(A) = 
K = K(A) = 



where the restricted products are defined with respect to the corresponding ana- 
logues of maximal compact subgroups in the finite dimensional case. For example, 
U is generated by x a {u) where either a G $ + , u G A(t) + or a G 3>_, u G tA(t) + . 
Then every element g G G(A(t)) can be wrtten as g = u g a g k g with u g G U , a g G T 
and kg G K. The local actions of o-(F x ) on G(F v ((t))) piece together to form an 
action of the group cr(I) on G(A{t)). Define the semi-direct product group 



(3.34) 



G(A(t)) = G(A(t)) x <j(T). 
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Similarly we can set the subgroups of G(A(t}): 

i 

f = fxa(I)=Y[f v , 

V 

I 

B = B X cr(I) = Y[B V , 

V 

V V 

Since a (I) normalizes B, any g g G(A(t}) can be written as g — u g a g k g with 
u g G U , a g G T and fc g G if. 

Let G(F{t)) = G(F(t)) X o-(F x ) <^-» G(A(t)). By abuse of notation, for any 
subgroup i? of G(F((t))), we still denote by # the subgroup HnG(F{t}) of G(F{t)). 
For example we have the subgroup U(F) of G(F(t)), which is generated by x a (u), 
where either a G u G or a G u G tF(t) + . 

By Lemma 13.131 we have a M^-equivarient map 

Q v x I ->• f 

given by, for A = a v + ic + jd G where a € u € I, 

(A,u) i— > A(u) = h a (u)u l cr(u j ). 

For a dominant integral weight A, we have a representation of Va,f„ of G(F v ((t))) 
for each place v. Form the restricted product 

V 

with respect to the lattices V^,o„ which are defined for all finite places. Denote 
by v\ G Va.a the element with u-component v\ for each place v. Note that V\,f 
embeds diagonally into V\ t &. 

We define a map | ■ | : Va,a —> ^>o as follows. Recall that we have defined a norm 
on X6i,F„ for each place v in section 3.2. For (u v ) v G Va.a, if v is real or p-adic let 
\u v \ = \\u v \\; if v is complex let \u v \ = ||mu|| 2 . Then define |(u„)7,| = Y[ v \ u v\- Note 
that almost all |w u |'s are equal to 1, hence the product is finite. If u G Va.a and 

k G K, then \ku\ = \u\; and if a; = (x v ) v G I, then \xu\ = \x\\u\ where \x\ = Y[ v \x v \v 
In particular \xu\ = \u\ for x G F x by the Artin product formula. 

For /i G I)*, define a quasi-character \i : T(F)\T(A) — > C x by, for g — h a {x)y(j{z) G 
T where x,y,z G I, 

^g) = \x\^\y\^\z\^. 
In particular, for A G Qaff we have 

\(x)» = \x\ M . 

However sometimes we also use the following notation: if a = (a v ) v G T(A), (3 G 
X*(T), the character lattice of T spanned by $, 6 and L, then write 

a? = {a% G I. 

Interpretations of the notations we shall use depend on the situation and would not 
cause any confusion. 
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Lemma 3.21. For each g G G(A(t)) with decomposition g = u g a g k g , and v\ £ 
Va,a f be the highest weight vector as above, then 

|<rVl = s A . 

Proof. Note that u g v\ — v\. and since K preserves | • |, it follows that 

\g~ 1 v x \ = la-htxl = % A . 

□ 

In the rest of this section we collect some lemmas on the arithmetic quotients of 
loop groups based on [7J and [55] . 

Lemma 3.22. For each i = 0, 1, ...,n, and each integer I > 0, the set of weights 
of V\ of the form 

n 

j=o 

with li < I, is finite. 

Lemma 3.23. Let a £ T and aa(q) G T with q £ I, |q| < 1, then there exists 
w G W such that (wao~(q)) ai < 1 for all i = 0, 1, . . . , n. 

Proof. It is easy to see that the lemma can be reduced to G(R((t))). And it 
follows from the well-known fact that for each h = ho + ic + jd G f)R with j > 0, 
there exists w G W such that (wh, on) > for i = 0, 1, . . . , n. □ 

Lemma 3.24. Assume the conditions of the previous lemma. Moreover suppose 
that (acr(q)) Qi < 1 for i = 0, 1, . . . , n. Then there exists < j < n such that 

(aa(q)) * < 1. 

Lemma 3.25. For any g G G(A(t)) >j a(q) with q G I, |q| < 1, there exists 
7o G G(F(t}) such that 

\giov\\ < \gjvx\ 

for all 7 G G(F(t)). 

Proof. The lemma is essentially an adelic formulation of Lemma 17.15 in [7]. 
Write g = kaa(q)u. First note that for any positive number C, we may choose a 
finite set of weights wc of V\ such that (acr(q))^ > C for any weight \i of V\ which 
is not in wc- Enlarge wc if necessary, we may assume that if /i G wc, then all 
the weights of V\ with depth less than the depth of \i are also in wc- Recall that 
the depth of a weight A — Y17=o ^ i(Xi ^ s S"=o Then Lemma 13.221 guarantees the 
finiteness of wc- Now set C = (aer(q)) A , and divide G(F((t))) into two parts 

G(F((t))) = G x U G 2 , 

where G\ consists of all the 7's such that some component of has weight not 
in wc, and G2 consists of other 7's, i.e. all the 7's such that all components of 
jv\ have weights in wc- If 7 G G±, let /i £ wc be a maximal weight of "fv\, and 
v' be the /u-component of jv\. It is clear that v' G V^^f, and the /i-component 
of atr(q)u7'i;A is (aer(q)) M i/. Then 

\giv x \ = \aa(q)ujv x \ > (aa(q))^\v'\ = (ac^q))^ > C. 
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For 7 £ G2, jv\ lies in the finite dimensional -F-space Y^aew c V\ ttlt F- Consequently 
aa(q)wyv\ lies in a finite dimensional F-space in ^2„ ewG ^A,p,Aj so there exists 
70 e G2 such that 

(3-35) \giav\\ < \gjvx\ 

for all 7 s (?2- In particular e £ G2, hence by Lemma [3.211 

|ff7o«A| < |ff«A| = («cr(q)) A = C. 
Therefore (|3351) holds for all 7 G G(F(t)). □ 

Fix an order on $ + such that a < /3 if /3 — a is a sum of positive roots, and 
induce the corresponding order on $_ by identifying $_ with $+ via a 1— >• —a. 

Lemma 3.26. We have unique factorizations 

n 

U(A) = U+(A)D 1 {A)U-(A)= l[ U a (A(t)+)Y[h ai (l+tA(t) + ) JJ U a {tA(t)+), 

n 

U(F) = U+(F)D 1 (F)U~(F)= J] C/ Q (F(i)+)n^( 1 + <F ( i )+) II U a (tF{t)+), 

where the product is taken with respect to the fixed orders on $ + and $_ . 

Let T> C A be a fundamental domain of A/F. We shall take 
(3.36) 2> = 2>oo X U O v , 

i?<oo 

where X>oo is a fundamental domain of ( Y[ F v )/Of — (F®qM.)/Of constructed as 

v\oo 

follows. Let uji,.., ,ujn be a basis of Of over Z, where iV = [F : Q]. The diagonal 
embedding O f U. F v identify O f with a lattice in f ®q K = R N . Let be 

the following subset of Y\ 

t?|oo 



2?oo = |5^*iWi|0<ti<l| 



For example if F = Q then 2?oo = [0, 1) is a fundamental domain of K/Z. We define 

X>(t) = e A (^)k G X>, Vi\ , V(t) + = V{t)r\A(t) + . 

Let J7d be subset of U(A) 

n 

(3.37) U v = H U a (V(t}+)l[h ai (l + tV(t) + ) J[ U a (W(t)+), 

a£4>+ i=l a£$_ 

where the product is taken with respect to the order in Lemma 13.261 

Lemma 3.27. Every u £ U(A) can be written as u = y u Uj} (or w-d7„) for some 
7„ 6 U (F) and uv <E Ux>- 
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4. Eisenstein Series and Their Coefficients 

Let G be the Chevalley group associated to a complex simple Lie algebra g, and 
F be a number field. In this section we construct the Eisenstein series E(s,f,g) 
defined on G(A(t)) x <x(q), where s G C and / is an unramified cusp form on G(A). 
We always make the assumption that q G I and |q| > 1. We establish the absolute 
convergence of the constant terms of E(s,g,f) along U, under the condition that 
9\es is large enough. The proof makes use of the Gindikin-Karpelevich formula, 
which will be used frequently. The same method gives the values of constant terms 
and Fourier coefficients of E(s, /, g) along unipotent radicals of parabolic subgroups. 

4.1. Definition of Eisenstein series. Let G(A) be the restricted product Y\' v G(F V ) 
with respect to K v , where K v is a maximal compact subgroup of G(K V ). If v is 
finite we take K v to be G(O v ). Then 

G(A)=lim l[G(F v ) ]JK V , 

ves vgs 

where the inverse limit is taken over all finite sets of places. 

Let / G L 2 (G(F)\G(A)) be an unramified cuspidal automorphic form, i.e. 

(i) f is invariant under right translation of K = J\ v K v , 

(ii) f is an eigenform for all p-adic Hecke operators, 

(Hi) f is an eigenform for all invariant differential operators at all infinite places, 
(iv) the constant term of / along the unipotent radical of any parabolic subgroup 
of G is zero, i.e. 

/ f(ug)du = 0, 

Jup(F)\Up(A) 

where P is any parabolic subgroup of G and Up is the unipotent radical of P. 

Associated to / and s G C, we shall define a function f s on G(A{t)). Suppose 
g G G(A(t)) has a decomposition 

g = cpcr(c\)k, 

where c, q G I, p G G(A(£) + ), k G K = Y\ v K v . Write p for the image of p under 
the projection 

G(A(t) + ) -> G(A). 

Then we define 

Ug) = \c\ s f(p )- 

We have to check that f s is well-defined, namely, f s (g) does not depend on the 
choice of the decomposition of g. In fact, if cpa(q)k = c'p'a(q)k', then c'~ 1 ca(q)~ 1 ■ 
(p'~ 1 p) = k'k^ 1 G B n k, which implies that |c'c _1 | = 1, po = p' k for some 
ko G K. Note that (cr(q) • p)o = Po- This proves that f s is well-defined since / is 
right if-invariant. f s has the following invariance properties: 

Lemma 4.1. (i) f s is right K -invariant, 

(ii) f s is left G(F(t) + ) -invariant, and left a(T) -invariant, 

(Hi) f s (cg) = \c\ s f s (g), and f s is F x -invariant. 

Proof, (i) By definition f s is right ^-invariant. It is also X-invariant since 
a(M. Fij ) normalizes K v for each place v. (ii) follows from the fact that / is left 



32 



DONGWEN LIU 



G(F)-invariant, and that (<r(q) • p)o = po, as noted above. (Hi) follows from the 
definition and Artin product formula. □ 

Let G(F{t) + ) = G(F(t)+) x F x , then f s is left G(F{i) + J-invariant by the pre- 
vious lemma. We define the Eisenstein series E(s,g,f) on G(A(t)) by 

(4-1) E(s,f,g)= f'^s)- 

1 ed(F(t) + )\d(F(t)) 

It is clear that the right-hand-side is a countable sum, right AT-invariant and 
left G(F(i))-invariant. E(s,f,g) is also left a(F x )-invariant, hence left G(F(t))- 
invariant. To see this, let q G F x . By Lemma I4TT1 (ii). 

E(s, /, a(q)g) = ]T / s ( 7 ^(q)s) = £ / s (a(q- 1 ) 7( r(q) 5 ) = E(s, /, g). 

7 7 

Note that in this case cr(q) acts on G(F(t)) as automorphism and preserves G(F(t)+). 

4.2. Absolute convergence of constant terms. The constant term of E(s, f, g) 
along the unipotent radical U of B is defined to be the following integral 

(4.2) E s (s,f,g)= I E(s,f,ug)du. 

JU(F)\U{A) 

We have to specify the topology of U(F)\U(A) and the measure du. By Lemma r3.26l 
it suffices to define topologies and measures on A(t) + /F(t) + and (1 + tA(t) + )/(l + 
tF(t)+). 

OC 

Lemma 4.2. The natural map ip : A{t) + /F(t) + — > A[[t]}/ F[[t}] J] (&/F)i is 
an isomorphism of abelian groups. 

Proof. <p is clearly injective. Let Sao be the set of all infinite places of F, and let 

= n f v x n 

oo 

then F + A 5oo = A. Hence for any u = ^ mod F W\ e A[[t]]/F[[t]], we may 

• o 

assume that Ui G Ag^ for each i. Then u G A(t) + and therefore <p is surjective. □ 
Lemma 4.3. The natural map 

t : (1 + *A(t) + )/(l + tF(t) + ) — ► (1 + tA[[t]])/(l + tF[[t]]) ^ iA[[i]]/tF[[t]] 
is an isomorphism of abelian groups. 

Proof. Again it is clear that r is injective. To prove r is surjective, we have to 
show that for any x G 1 + £A[[t]] there exists y G 1 + f.F[[f]] such that z — xy G 
1 +tA(t)+. Write x = 1 + x^, y = 1 + YZU Vi?, then 2=1 + ESi with 

z, = x, + Xj_it/i H h xij/i_i + yj. 

Apply F+As^ — A repeatedly, we can find a sequence of j/i G F such that z% G Ag^ 
for each i. This finishes the proof. □ 
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Since A/F is compact, Lemma l4~2l and Lemma l4~3l imply that A(t)+/F{t) + and 
(1 + tA(t)+)/(l + tF{t) + ) are compact and inherit the product measure from that 
of A/F, which will be defined as follows. 

We first specify the self-dual Haar measure on the local field F v with respect to 
a non-trivial additive character ipp v of F v . If F v = M, we take 

(4.3) = e 2 ™ 

and dx is the usual Lebesgue measure on R; if F v = C, we take 

(4.4) ^ c (z) = e 27rltrz = e 47ri5Uz 

and dzdz = 2dxdy is twice the usual Lebesgue measure on C; if F v is a finite 
extension of Q p , then we first take the character ip p of Q p given by 

(4.5) ^p(^) = e - 2 " (fractional part of x \ 
and define by 

(4-6) =ipp{^F v /Q p x)- 

The self-dual Haar measure on Q p satisfies vol(Z p ) = 1. Let O v be the ring of 
integers of F v , and Sp 1 be the inverse different 

S F ^ = {xe F v \ip(xO Fv ) = 1} = {x G F„|tr(aA>) G Z p }. 

Then the self-dual Haar measure on F v satisfies vol(0 K ) = N(8p v )~^ . If zu v G O v is 
a uniformizer, then £p„ = w%O v for some non-negative integer e, and N(Sf v ) = q%, 
where q v is the cardinality of the residue field O v /p v . 

Let us compute vol(A/F) under above self-dual measures. Recall from (|3.36p 
that A/F has a fundamental domain T> = !)„ X J] C„. Therefore 

2<0O 

vol(A/F) = vol((F ® Q M)/O f ) x [| vol(0„). 

t;<oo 

F is unramified at almost all places v, hence the right-hand-side is a finite product. 
It is known that vo\((F <8>q M)/Of) — |Aj?|', where Ap is the discriminant of F. 
On the other hand 

n voi(a) = n #(&o~* = n i^-r* = i A ^r^ 

v<oo v<oc v<oo 

where Ap„ is the relative discriminant A Fv /q p with v\p. We conclude that vol(A/F) = 

1. It follows that the quotient spaces U a (F)\U a (A) (a e $+) and U(F)\U(A) are 
compact with volume equal to 1. 

The main result of this section is the following theorem. 

Theorem 4.4. (i) Suppose that g e G(A{t)) x cr(q) im£/i q G I and |q| > 1, 
s G H = {z G C|£Hez > ft, + /i v }, where h (resp. h v ) is the Coxeter (resp. dual 
Coxeter) number. Then E{s, f,ug), as a function on U(F)\U(A), converges abso- 
lutely outside a subset of measure zero and is measurable, 

(ii) For any e,n > 0, let H e = {z G C\?Rcz > h + h v + e}, a n = {cr(q)|q G I, |q| > 
1 + rj}. The integral \4-2\ defining -Eg(s, f, g) converges absolutely and uniformly 
for s G H £ , g G U(A)fla ri K , where 51 is a compact subset ofT(A). 
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Define the height function h 8) seC, on G(A(t)) by 

(4.7) h s (cpa(q)k) = \c\ s 

if c, q € I, p £ G(A(i) + ), k E K. Then /i s has the same invariance properties as those 
of / s . Also note that the restriction of h s on T can be expressed as h s (a) — a sL . 
Let us define 

(4.8) E(s,h,g)= ]T h ^9), 

~<ed(F{t) + )\G(F(t)) 

and 

(4.9) E s (s,h,g)= E(s,h,ug)du. 

JU(F)\U(A) 

Lemma 4.5. Theorem \4-4\ is true for E{s 1 h,g). Moreover, for s, q satisfying the 
conditions of the theorem and a G T one has 

(4.10) E s (s,h,a<r(q))= £ (aa(q)y +w '^ sL -^c w (s), 
where 

A F ((sL~p,^)) 



(4.11) c w (s) = [] 



_ A F ((sL-p,^) + iy 

wii/i Ai? i/ie normalized Dedekind zeta function of F defined below. 

Let r\ (resp. r?) be the number of real (resp. complex) places of F, and let 

r R (s) = 7T- s / 2 r( s /2), r c (s) = 2(27r)- s r( s ) 

where T(s) is the Gamma function. Then A F is given by 

a f (s) = \A F \ir R ( s ) ri r c ( s yi( F ( s ), 

where C,p is the Dedekind zeta function of F and has an Euler product over all 
prime ideals V of Op 



_A± 1-N f /q{V) 



VCO F 



E. Hecke proved that C, F has a meromorphic continuation to the complex plane 
with only a simple pole at s = 1. Moreover A^ satisfies the functional equation 

Aj(*)=Ajr(l-*). 

Proof of Lemma 14. 5 1 From the Bruhat decomposition fTheorem !3.12l) . it follows 
that 

G(F(t)) = |J G(F(t) + )wU w (F). 
Note that U w = {{ U a is finite-dimensional (of dimension l(w)), hence lies 

ck>0,ujck<0 

in G(F(t}+). Then for u e {/(A), 

E(s,h,ug)= Y ^2 h s (w~fug) =: H w (s,ug). 

weW(A,®)yGU w (F) weW(A,0) 
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We first prove that each inner sum H w (s, ug) is a measurable function on U (F)\U(A). 
Let us introduce 

(4.12) EC (A) = G(A(t}+) D J] U °( A )> 

a > , u; a > 

and 

(4.13) U' W (F) — G(F(t) + ) n J] U a (F). 

a>0,wa>0 

Then U = U' W U W and wU^w" 1 C E/, therefore 

H w (s,ug)= ^2 h s(w^ug), 

ieU^(F)\U{F) 

which is left [/(-F')-invariant. Since dim E/„, = ?(it>) < oo, applying Lemma 13.21 
(c) and Corollary 13.41 (a) it is easy to see that there exists i w € N such that the 
commutator [U w , Up] C U' w for each (3 = a + id with a £ $ U {0} and i> i w . If we 
define 

(4.14) EC(A) = G(A(t)+)n [] ^a+tfCA), 

aS<I>U{0},i>j m 

(4.15) EC(F) = G(F(i)+)n J] ^o+w^). 

ae$U{0},i>i m 

then E^ is of finite codimension in U and H w (s, ug) is left f/^(F)\[/^(A)-invariant. 
This proves that H w (s,ug) is measurable. 

The lemma can be reduced to the case set. Indeed, since \h s \ = hm.es we have 
\H w (s,ug)\ < H w (y\ts,ug). By Fubini's theorem, 

Eg(9izs,h,g) = / E(D\zs,h,ug)du = / H w (9its,ug)du. 

Ju(F)\U(A) w <EW(A,t») J0( - F ^°W 

If we can show that ^(Dtcs, /i, 5) is finite, then Effies, h, g) converges almost every- 
where, hence is measurable. It follows that E(s, h, ug) converges absolutely almost 
everywhere and is measurable. Using Lebesgue dominate convergence theorem we 
get 

Eg(s,h,g) = / E(s 7 h,ug)du = V] / H w (s,ug)du. 

JU(F)\U(A) lue w/(A,0)^( F )W( A ) 

So we may assume that s G K. Let us evaluate Eg(s, h, g), prove its finiteness and 
uniform convergence. The computation for general s is the same. 

Since Eg is left [/-invariant and right X-invariant, by Iwasawa decomposition 
we may also assume that g = aer(q) with a S T and |q| > 1. Let us prove (|4.10|) . 
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and show that the summation is finite. By previous discussion we have 

(4.16) E s (s,h,g) J2 [ H w (s,ug)du 

wew(A,0) Ju (F)\u(A) 

= L h s (w~fug)dv 

wGW(A,<H) Ju ^\ U W 7 e£/4(f)\£/(F) 



2 / / h s (wu' ug)dudu' 



= ^ / h s (wug)du, 

where the last equality follows from the facts that vol(Ul u (F)\U^(A)) = 1 and that 
h s is left G(A(i) + )-invariant. 

To evaluate (14. 16|) let us introduce some notations. Let w = • • • be the 
reduced expression of w, where I — l(w). Let 

$ w = $+nw$_ = {/3i,..., Pi}, 
where f3j = r it ■ ■ ■ r ij l ai j . Then 

= i+n^'L = { 7l ,..., 7; }, 

where jj — — w^ 1 j3j = fj, • ■ • r ij+1 ai j . Note that 

/3H \- ft = p - wp, 7i H h 7i = P - w" 1 ?- 

Recall that we have assumed s£K, and <? = aa(q), a ET. We have 

(4.17) / h s (wuaa(q))du 

JU w {k) 

h s (waa(q)Ad(acr(q))^ 1 (u))du 

U W (A) 



h s (waa(q)x 7l ((aa(q)) 71 ui) • • • x 7l ((aa(q)) 7i ui))du± ■ ■ ■ dui 
= (aa(q))^ + - + ^ +w ' lsL f h s (wx 7l ( Ul ) • • • £ 7I 

JA l 

= (aa(q)f- w "p +w " sL [ h a (x- Pl (u 1 )---X-p,{ui))du 1 ---dui. 

Ja 1 

By Iwasawa decomposition we have 

x-p t {ui) = n(ui)a(ui)k(ui), 

where a{ui) E Tp, = {hp,(u)\u E I}, n{ui) E Up,, k{ui) E Kp,. Let w' = r» t ■ • -n,^, 
then . . . , = $+ CI Consider the decomposition 

(4.18) U = U' W ,U W , 

where t/^/ is given by (I4.12[) , (|4.13l) with w replaced by w'. Then 

U-p 1 ■ ■ ■ U-p l _ 1 = w'Uw'w'' 1 . 
Use (|4.18|) we can define the projection 

7T : w'Uw'- 1 — > w'U^w'- 1 . 
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Since U- 



, U-/3 l _ 1 , Ufa C w'Uw' , we have the map 

7r o Ad(n(ui)) : w'Uyjiw'^ 1 — > w'Uw'iu'^ 1 



which is unimodular. From this fact, together with invariance properties of h s and 
Corollarv l3.4l (/) we get 

(4.19) f h a (x-p 1 (ui)---x-p l (ui))dui---dui 

h s (x-fa (ui) ■ ■ ■ x-ft.j (uj_i)o(uj)) dux ■ ■ ■ dui 

i, 

h s (a(ui)x^p 1 (a(ui) 01 Ux) ■ ■ ■x_p l _ 1 {a{u l )P l - 1 ui- 1 )) du x ■■■dui 
a(^i^) ^5L " ,3l 0l ~ x dui / h s (x-p 1 (m) ■ ■ ■ x-p l _ 1 (ui-\))du\ ■ ■ ■ dui-i 

J A'- 1 

a(ui) sL ~ p+w p dui / h a (x-p 1 (u 1 )'--x-p l _ 1 (ui- 1 ))du 1 --'dui-i. 



Apply Gindikin-Karpelevich formula [18] [28], the first integral in (|4.19l) equals 

Af(zi) 



where 



A F (zi + iy 



zi = (sL - p + w'p,ffl) - l = (sL- p,ffl). 



Note that (w'p, /3 ; v ) = (p,w'^ 1 f3i) = (p,aY) = 1. By induction on / it is clear that 
(14.191) equals c w (s). 

Now we prove that the right-hand-side of (|4. 10[) is finite. We first prove that 
s > h + h v implies that (sL - p, /3 V ) > 1 for each f3 E <& w = $ + n w$_. In fact, 
since w C W(A, 0), w^ 1 A C $+. It follows that f3 = id + a with i > 0, a £ <&. By 
Lemma EH] /3 V = jc + a v with j > 0. Then 



(sL - p, /3 V ) = j(s - h") - (p, a v ) > a - 



1 > 1. 



By standard results on zcta functions, for every e > 0, there exists a constant c 6 > 
such that whenever 5Hez > 1 + e we have 



A F (z) 



Af(z+1) 



It follows that c^(s) < Cg J for s > h + h v + e. 

Next consider (aa(q)) p '- w ~ lp ' +w ~' LsL . Write vj- 1 = T x w where A e Q v , w G W. 
By Lemma 12.41 

to -1 !, = L + A - ~ (A, A) S, 
w~ 1 ]) — wop — (wop, A}(5 + h v w^ 1 L. 

Let ||A|| = (A, A) 5 . If wc write A = Yl7=i ^ ia i = E"=i^ ai ' then there exists a 
constant ci > which does not depend on A such that Yl7=i ^1' S™=i 1^1 — c il|A||- 
Then 



\(woP, A) | = 



<c^||A||. 
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Combine above equations we obtain 
\ <i(q) w ~ lL = |q|-2ll A H 



(4.20) 



a ^-w- 1 p = | q |( toop ,A) + Vl|A|| 2 < iqidftiiAH + VllAII 2 ^ 



Let c a = max \ a a \, then 

a64> 

(4 21) Q p-w^ 1 p+w^ 1 sL < c K w ) a sX < c '0)+ c is|l A ll 

But we have 

(4.22) l{w) < l(T x ) + l{w ) 

n 

< X>|l(Toy) + l*+l 

i=l 

< c 2 ||A|| + |$+|, 
where C2 = C\ max J(T a y). In summary we obtain 

l<i<n * 

E § (s,h,aa(q)) = ]T (aa^f+^^-^c^s) 
wew(Afi) 

(4.23) < \W\{c e c a )\*+\ Yl (c c /cr +C2 ) m \q\ Clhl] 

AGQ V 

for s > /i + h v + e. It is clear that the last series in (|4.23[) is finite and satisfies the 
required uniform convergence properties. □ 

The proof of Theorem 14.41 is similar to that of Lemma |4~5I and we only need the 
following two observations: (1) / is bounded by cuspidality, (2) Consider 

E(s,f,ug)= Y F w (s,ug)= ^ ^ f s (wjug). 

wew(A^) weW(A,Q)~teu w (F) 

We can modify the definition of in (14.141) and (|4.15l) by taking i w large enough 
such that [U w , Up] C w~ 1 Naw C U' w whenever (3 — a + iS with a e $ U {0} and 
i > i w . Here by our convention for any 9 C A we let 

(4.24) N e (A) = G(A(t) + ) n [] U a (A), 

(4.25) 7V e (F) =G(F(i)+)n J] U a (F). 

Then is again of finite codimension in [/, and F w (s,ug) is left U!^(F)\U^(A)- 
invariant. 

Corollary 4.6. IfVKzs > h+h w and\q\ > 1, then E(s, f,uaa(q)) and E(s, h,uaa(q)) 
defined by |^.i| ) and as functions on U(F)\U(A) x T ; are measurable and 

converge absolutely outside a subset of measure zero. 

Let us give the proof of Gindikin-Karpelevich formula in the case of SL>2(F V ) 
where F v is the completion of F at place v. Let \v be an unramified character of 
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F v x . Let f, tXv e Ind| i2 (| • | s ®x«), « G C, Uizs > be the unique spherical function 
satisfying 

(4-26) f s , Xv ((jj a -^kj=xv{a)\a\' v +1 , 

where k E K, the standard maximal compact subgroup of SL 2 (F V ). Let w — 
1 N 



-1 



. Define 



(4.27) d-s.\,.)= / /• v (J [I ) 



Proposition 4.7. Suppose F v is p-adic. Let w v be a uniformizer of p v C O v , q v 
be the cardinality of the residue field O v /p v . Then 

1 - Xvi^Qv 8 ' 1 \&v\%L(s,Xv) 



c{s,Xv) = vol(0„)- 



l-Xv{^v)qv S \A v \^L(s + l, X v) 



Recall that A v is the relative discriminant A Fv /Q p satisfying vol(0„) = |A„| ^ . In 

particular if Xv * s trivial, then c v (s,Xv) contributes the local factor of ^ifL a f 
v. 

(\ x\ 

Proof. For n = I M with x ^ 0, 

-A /a;- 1 -l\ / 1 



w ' ln ={l x) = {o x)\x^ 1 

Hence if x G O v , f s , Xv (w^ 1 n) = 1; if x € vj~ l O* with i > 0, then f StXv {w^ 1 n) 
Xv(^v) i qv l{s+1) ■ Note that vol^O*) = g*(l - g-^vo^O^). Therefore 

/ fs, X v{ w ~ ln )dx = / fs, x A w ~ ln ) dx + y~] / fs, X v( w ~ ln ) dx 

JFv JOv i=1 Jvj^OS 

= voi(a) ^i + £ x,(^)^- l(s+1) ^(i - g- 1 )^ 



= voi(a) 



1 - Xu(ra7„)g„ ' 
1 - X^,,)?" 8-1 



1 - s 

□ 

In the case that F v = K or C, unramihed characters of F v are of the form | • |*° 
for s purely imaginary. 

Proposition 4.8. Suppose F v = K or C. Then 



c(s,|-|S°) 



r F „(s + s + i)' 

Proof. Suppose we have the Iwasawa decomposition 
'l 0\ _ (I y\ (a 



r I I ~" \ I MO a" 1 I fc 
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where k G K. Compute g l g for both sides of above equation, we obtain 

1 



Then if F v = R, 



■DC 



c(s,\- |*°) = 2 / {l + x 2 )— ?dx 



o 



2 / cos s+s °- 1 ede 

Jo 



2 ' 2 

_ r R Q + s ) 

Tr(s + s + 1) ' 

Similarly if F v = C, then 

/>00 

c(s, | - |c°) = 4tt / (l + r 2 )- s - s °-Vrfr 



4tt / cos 28 " 1 " 230 - 1 9 sin 6W0 



27tB(s + s ,1) 

r c (s + so) 
r c (s + s + 1)' 

□ 



4.3. Constant terms and Fourier coefficients, fn this section we shall com- 
pute the constant terms of Eisenstein series along unipotent radicals of parabolic 
subgroups of G. In the classical theory [28], if P = MN is a parabolic subgroup 
of G, / is a cusp form on M(A), then the L-functions associated to / and the 
representations of L M on L n will appear in certain constant terms of the Eisen- 
stein series induced by /. Unfortunately for loop groups the constant terms are 
all trivial. However we will obtain certain products of L-functions in the Fourier 
coefficients of Eisenstein series. 

Define the constant term of E(s, f,g) along a parabolic subgroup P = Pg by 

(4.28) E P (s,f,g)= f E(s,f,ng)dn, 

JNg(F)\N e (A) 

where N g (F) and N g (A) are defined by ([424]) and (|4?25j) . Throughout the rest of 
this section we assume that g decomposes as 

(4.29) ff=F(#- P eG(A(t) + ),keK, 
and that 

(4.30) s, q satisfy the conditions of Theorem 14.41 

Using the same method in the proof of that theorem, one can show that the integral 
(|4.28|) converges absolutely. 

Theorem 4.9. Ep(s,f,g) = unless 9 = A, in which case Ep(s,f,g) = f(po)- 
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Proof. Use the Bruhat decomposition, 

G(F(t}) = |J G(F{t) + )wU w (F), 
wew(A,e) 

where W(A,0) = {w G W\w~ 1 A C $+,w9 C $+}, and 

U W (F) = Yl U a (F). 

Then we have 

Ep(s,f,g)= ^2 X] fs(wjng)dn. 

»eVK(A,0) J Ne(F)\N e (A) 1&Uw{F) 

From the description of W(A, 6') it is seen that 

[/•„, ~w- 1 P A wnN e \N e . 

Let iV = w^P^nNg = ATjATa, where N% = w~ x M A wC\N e , N 2 = w^N/^wDNe, 
then U w ~ iV\iVe and 



Ep(sJ,g) = y2 I f s {wng)dn 

...~„„a „,JN(F)\N g (A) 



v£W(A 



= / / / f s (wnin2ug)dnidri2du. 

rtff(AJ)^"W Jn 2 (F)\N 2 (A) JjV 1 (F)\JV 1 (A) 

Since Ma = Gx G m and / is a cusp form on G(A), the inner integral of the last 
summation above is zero unless iVi = 1. But then id -1 A C which forces that 
iw _1 A = 9. Apply the following lemma to w G W C We, then we have w = 1, 
= A and £ P ( S , = = /(p ). □ 

Lemma 4.10. Let W e — W k P v &e £/ie extended Weyl group, where P v is the 
coweight lattice, i.e. 

P v = {A G f)|(a,A) G Z, Va£$}. 

IfweW e and 9 = w~ 1 A C A, i/ien C 

Proof. Write w _1 = T\ivo, where A G P v , tuo £ W. If = A, then w^a G A and 
{woa, A) = for each a G A. Hence A = 0, wq = 1. So assume that # = A — a = 
9 a U {5 — a}, where a G A and Q = A — {a}. Since for each 7 G A we have 

w _1 7 = w 7 - (wq7> A)5, 

there exists /3 G A such that wo/3 = —5, (5, A) = 1 and (i«o7, A) = for each 
7 G 9 j3 = A — {/?}. Note that iw^ = ^cn then a appears with coefficients 1 in a and 
A = X a is the fundamental coweight of a. Therefore 

10a = Wq T-\ a a = w Q 1 {a + 8) = Wq a + 8 > 0, 

which implies wA = A U {wa} C □ 

In general, for a connected reductive algebraic group G which is split over F (e.g. 
G = GL n ), the theory of generalized Tits system [3D] [H] implies that = 
BqW'Bq where W' = W k X*(T). The proof of Theorem SU and Lemma OUJ 
suggest that the triviality of constant terms should also hold for G. 
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Let us define and compute the Fourier coefficients of Eisenstein series on loop 
groups. Let tp be a character of U(F)\U(A), then ip = Y[ fpa, where tp a is a 

aeA 

character of U a (F)\U a (A). This follows from the fact 

u/[u,u] ~ n u a . 

aeA 

Define the ip-th Fourier coefficient of E(s, f,g) along B by 

E §A s 'f>9) = / E(s,f,ug)i>(u)du. 

JU(F)\U(A) 

Then Eg ^(s, f, g) is a Whittakcr function on G(A(t)) xi cr(q), i.e. a function VF 

satisfying the relation VT(ug) = ij){u)W{g), \/u G U(A). Recall that U is the unipo- 
tcnt radical of B C G. ip is said to be {/-generic if i/> Q is non-trivial for each aeA, 
and generic if ip ao is also non-trivial. 

ipa gives a character of A/F. Any character of A/F is of the form u n> ipp{cu), 
where c <G F and is a fixed non-trivial character of A/F. Hence tp a can be 
written as ip a (x a (u)) = ipF(c a u) for some c a G F. Then we have 

4>(x ao (u ) ■■■x ctn (u n )) = ^ F (c u H + c n u n ), 

where Cj = c ai , i = 0, . . . , n. Note that ip is U -generic if c Q 7^ for each a € A, and 
generic if c ao is also non-zero. 

Theorem 4.11. Suppose that tp ao is trivial. Then Eg ^(s, /, g) = unless tp is 
U -generic, in which case 



As,f,g)= f(up a )ip(u)du. 

JU(F)\U(A) 



IU(F)\U(A) 

Proof. Since tp is [/(F)-invariant, similarly as before we have 

E bA s J>9) Y] / Y] f s (wjug)ip(u)du 

wew(A,®) Ju ( F K u W 7 eu m (F) 

= V / f s (wug)ip(u)du. 

wew(A,$) ^- 1 G(F(t> + )«,nc?(F)\i7(A) 

For each w e VF(A,0), w _1 A C <f> + , therefore w~ 1 U(F)w C w~ 1 G(F{t) + )w n 
U(F). If we write £/ = Ni w N2 W U w , where = w~ 1 Uw, then 



(u,f,g)= / / / f s (wnin2ug)^(nin 2 u)dn 1 dn2du. 

weW(Afi) J U«,W J N 2w (F)\N 2w (A) J N lw (F)\N lw (A) 



Write u> 1 = T\u> , where A € Q v , wo S W. Then u> 1 a i = u> ai — (wo^ij A)<5 > 0, 
which implies that (wo^i, A) < 0, i = 1, . . . ,n. Define 

^ = {ai\{w a ai, A) = 0} C A. 

Let P be the parabolic subgroup of G corresponding to 6 W . If 6 W 7^ A, then P has 
non-trivial unipotent radical Up C £/. By definition of W we see that w~ 1 Upw C 
A^a and therefore ip c is trivial on w~ 1 Upw. Since / is a cusp form on G(A), it 
follows that the inner integral on the right-hand-side of above equation vanishes. 
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So assume that 9 W = A, then it is immediate that A = and w 1 = wo G W. 
Hence w = 1 since w~ 1 A C Then we have 

E §A s >f'9)= f s (ug)ip(u)du = f(up )ip(u)du, 

JU(F)\U(A) JU(F)\U(A) 

which is zero unless is [/-generic, again by cuspidality of /. □ 

In the rest of this section we consider the Eisenstein series induced from a quasi- 
character on T. More precisely, let Xf ~ ®Xf '■ T(A)/T(F) — > C x be a quasi- 

V 

character such that Xf is unramified for each place v. Extend Xf to T = T x cr (I) 
such that Xf U(i) is trivial. For each a G <& re , Xf aV '■ ~ * C x is the Hcckc 
quasi-character such that Xf aV i x ) — Xf{h a {x))- In particular Xf aV is unramified 
for each place v. 

In general if x '■ ^/F x — » C x is a Hccke quasi-character, we may write as x as 
H\ ■ \ s ° where \i is unitary and s G C. Define 9lex = 9leso, which is called the 
exponent of x- Recall that L(s,x) = T\L(s,Xv) is the Hecke L-function of X- We 

V 

may twist x to make it unitary, then L(s,x) i s homomorphic in {Dies > 1}, admits 
meromorphic continuation to the entire complex plane, and satisfies the functional 
equation 

L(l - s,x v ) = e(s,x)L(s,x), 
where x v — X _1 | • I is the shifted dual of x- 

We define the Eisenstein series on G(A(t)) induced from Xf by 

(4-31) E( Xf ,g)= ]T Xfil9), 

- ( eB(F)\5(F(t)) 

where Xf 1S gi ven by 

(4.32) Xf(cb<r(q)k) = Xf(cb ), 

where c, q G I, b G B (A), b G B(A) is the image of b under the projection 
B (A) — > B(A), and k G K. Then Xf is well-defined, right if -invariant and left 
£?(F)-invariant. We define the constant term and Fourier coefficients of E(x,g) 
along B by 

Eg(Xf,g) = / E(xf,ug)du, 

J0(F)\U(A) 

EgJxf>g) = / E(xf,ug)ip(u)du. 

JU(F)\U(A) 

Theorem 4.12. (i) Suppose that g G G(A(t)) xi cr(q) |q| > 1, and *Ke(xf a/) > 
2, z = 0, 1, . . . ,n. Then E(xf, ug), as a function on U(F)\U(A), converges abso- 
lutely outside a subset of measure zero and is measurable, 
(ii) For any e > 0, let 

H £ = jxf : T(A)/T(F) -> C x \xf unramified, 9<le(xf a, y ) > 2 + e, i = 0, 1, . . . , n j . 

TTie integral defining Eg(xf,g) converges absolutely and uniformly for Xf G 'He, 
g G U(A)Cla r) K, where r\ > and fi is a compact subset ofT(A). More explicitly 
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for a £ T one has 

(4.33) E s ( Xf ,aa(q))= £ (aa^f+^^^ixf) 



wEW 



where 



(4.34) CwKXf ) = II ' 



Proof. The proof follows exactly the line for proving Lemma 14.51 if we apply 
analytic properties of Hecke L-functions together with Propositions 14.71 and 14.81 
With the analog of Godement's criterion 

(4.35) V\z{ Xf at)>2, t = 0,l,...,n, 

we have the following two observations, which suffice for the convergence of Eiscn- 
stein series: (1) $He(xf /3 V ) — (p, P v ) > 1 for any (3 6 $ re +, which is precisely (|4.35[) 
when /3 is a simple root. (2) Consider the factor cr(q) w (xt~p) = (u> • a(q)) x f~P . 
Write w = T x w <EW such that X e Q w , w £W. Then from 

wd = T x d = d + \- ^y-c, 

we see that 

The coefficient of the quadratic term is negative. Indeed, 

> 2 + (p,a v +5 v ) 



Let us remark that due to the last equation, for our second consideration Gode- 
ment's criterion is much stronger than required. □ 

4.4. Explicit computations for SL2 ■ It would be interesting to investigate the 
Fourier coefficients of our Eisenstein series in full generality. To obtain an explicit 
formula would be a quite difficult and non-trivial problem, as suggested by the 
paper of W. Casselman and J. Shalika [4] where they gave a formula for finite- 
dimensional groups. The reason their method does not work here is that we do not 
have a longest element in the affine Weyl group, as opposed to the classical case. 
However in the case of SL2 we do have explicit computations and everything is 
known. 

Let ao = 5 — a,ai = a be the simple roots of 5I2, ip = ipotpi be a non-trivial 
character on U(F)\U(A) where ipi corresponds to a,, i — 0,1. In other words at 
least one of ^'s is nontrivial. Let / be an unramified cusp form on SL/2{A). 

Proposition 4.13. Eg ^(s, f,g) vanishes unless ip = tpi, in which case it equals 
the Fourier coefficient of f 
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Proof. The case ip = ifix is known due to Theorem 14.111 hence we only need to 
show the vanishing of Eg , in other cases. As usual let us write 

E§Js,f,g)= V / f s {wug)ip{u)du. 

~ . Jw~ 1 G(F(t)^)wr]U(F)\U(A) 



wGW ,w~ 1 cx>0 



For w £ W such that to a > 0, if w ^ 1 then w~ 1 a ao,ai, which implies 
that ip is trivial on the root subgroup U w -i a — w^UaW. On the other hand the 
integration of / s along U a (F)\U a (A) is zero since / is cuspidal. Therefore we arrive 
at 



E sA s >f'9) = f s (ug)ip{u)du. 

JU(F)\U(A) 

Since by definition f s is left invariant under the root subgroup U aa , Eg , does not 
vanish unless ipo is trivial. □ 

Now suppose that Xf is an unramified character on on T(fc)\T(A) such that 
(4.36) Xt( c '«) =Xo(c)xi(o), eel, a 6 T(A) ~ I. 

We define E(xf,g) by (|4.3ip and the Fourier coefficient Eg ^{x,g). Similarly as 
before we have 

EgJxf,g) = 52 / Xf(wug)i/}(u)du. 

~Jw- 1 G(F(t)4.)wnU(F)\U(A) 



wew 



For any w € W, at least one of woti, i = Q, 1 is positive. Since Xf is left invariant 
under any root subgroup of a positive root, we see that Eg ^ does not vanish unless 
one of ipi, i = 0, 1 is trivial, i.e. tp = V'o or ip\. Let us work out the explicit formula 
for Eg ^ (xfi g) at g = o~(q), i = 0, 1. For simplicity let us assume that 

(4.37) ^(xa^u)) = tp F (u), u e A, i = 0,l 

where ipp — ^i^F^ and ipF v is the standard character of F v defined by (|4.3[) - (|4.6|) . 

V 

As preliminary computations let us give the local coefficients for SL2(F V ). Define 

(4.38) W(s, Xv )= I fs^i^il f\)~$ Fa {x)dx 



F„ 



where f S)Xv is given by (|4.26[) . 

Proposition 4.14. Suppose F v is p-adic, then 

W( S , X v)=vol(O v )L(s + l,Xv)- 1 . 
Proof. Follow the proof of Proposition 14.71 we have 

W(s,Xv) 



/ fs, X v( w l ri)dx + y~\ / fs. x A w ln )ipF v ( x ) dx 

oo „ 

vol(a) +Vx4^) , 9r (i+1) / i>F {x)dx 

oo „ 

voi(a) + Vx»k) , 9;' (s+1) / ^ Fv {x)dx. 

l=1 Jro,7 , 0„-ro,7 ,+1 C 1 
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For i > 0, 



/ 



ip Fv (x)dx = vol(O v ) ^f v ( x ) = \ 



vol(0„) i = 
i > 0. 



□ 



Therefore 

W(s,X„) = vol(a)(l - X,K)^" S_1 ) = vol(O v )L(s + ^Xv)' 1 
We also introduce the local coefficients at archimedean places 

poo 

(4.39) W(s,\-\g)=2 {l + x 2 )-^—e- 2 ™dx, 

Jo 

(4.40) W(«,Hc) = 2/ (l + x 2 +y 2 )- s - s °- 1 e- 47rlx dxdy 

Jm 2 

= B ( s + s ° + l'l) J Q (l+x 2 )- s - s °e- imx dx. 

Define 

(4-41) W(s, X ) =n^,X.) = 1^1"* ^7+1^) . 

where Lf(s,x) = \[ L(s,\v) and W 00 (s,x) — Yi W( s jXi>)- Now we are ready 

f<oo v \oo 

to give the formula for the Fourier coefficients Eg ^ (xf,cr(q)). We do the case 
V> = The other case is similar, which is only a little bit more involved. 

Proposition 4.15. Assume |q| > 1 and the Godement's criterion 

JRexi > 2, <Re(xo - Xi) > 2. 

T/ien 

00 2n — : 

= ^|A f r"+^|q|"- 2 " 2 ( X 5 l Xo -" 2 )(q)^(l-4n, X ^ xr i) J] 



2 " - 1 L(i-2», x ^r 1 ) 

00 2n 



i(l-2*, X *- 1 Xl ) 



+ ^|A i ,r"| q r"- 2 " 2 (xr"x ( 7" 2 )(q)^(-i-4n,x^xi)nvr^ >• - 

Proof. By previous reasonings, we have 

E b,4,Mt>9)= J2 / ~ ~ - Xf;(tuua(«))^(u)du. 

tu£ VV ,wa<0 

For w e If, recall our notations 

$ w - $+nw$- = {/3i,..., /?;}, 

$^-1 = $ + n«7 _1 $- = {71,..., 7/}. 
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It is clear from the formula for /?,•, 7; that if wet < 0, then 7/ = a. Following the 
arguments of (|4~l"6]) ([3~T7)l we obtain 



(4.42) / xf( wua (l))' t l ; ( u ) du 

Jw- l G(F{t)+)wnU(F)\U(A) 

Xf{wua(q))ip(u)du 

Uw (A) 



Xf (iucr(q)x 7l (er(q) 7l ui) • • • x 7i (<r(q) 7i u ; )) ip F (ui)dui ■ ■ ■ du t 

= a{<\) ll+ '" +ll+w ±x t I x f (wx m (ui)---x 7l (ui))-ip F (ui)dui---du l 
Ja 1 

= a(q) w '(Xf-P) / Xf (x-p 1 (u 1 )---x-0 l (ui))-ip F (ui)du 1 ---dui. 
J A 1 

Notice that a(q)"" = cr(q) Q = 1. Similarly as (|4TT5|| . 

Xf (x-/3i («l) • • • (it;)) ip F (ui)du! ■■■dui 

1 

a(ui) x f-P +w P%p F (ui)dui I Xf(%-Pi( u i)'"X-Pi-i( u l-i)) du i"' du l-i' 



Apply Fourier coefficients for SL%, and Gindikin-Karpelevich formula, we see that 
the last equation equals 



\A F r^W(-(p,ff),XTff)UjT[ 



l\L(i-(p,py},x?pyy 

There are two cases for w € W such that wa < 0. 

Case 1: w = T na v , n > 0. Then I = 2n, Pi = id — a and ji = (2n — i)S + a. In 
this case we obtain 

= (^a + 2L,ic-a" / ) = 2i - 1, 

wd = T na vd = d + tia v — n 2 c, 

Xf = x?Xo ™ > (A wd) =n-2n . 

Case 2: w — T^ na vr a , n > 0. Then I = 2n + 1, = (i — 1)6 + a, 7, = 
(2n + 1 — £)<5 + a. Similarly we obtain 

(p, - (la + 2L, (t - l)c + « v > = 2$ - 1, 

XfPi = Xo^Xi, 
wd = T- na vr a d = T- na vd = d — na v — n 2 c, 

Xfwd = Xi n Xo n \ (p, wd) = -n - 2n 2 . 
Combine contributions from these two cases, we get the formula. □ 
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5. Absolute Convergence of Eisenstein Series 

Under the conditions of Theorem 14.41 we have proved that E(s, f,ug) converges 
absolutely almost everywhere on U(F)\U(A), by proving the fmiteness of the con- 
stant term -Eg(s, h,g). The main result of this section is the absolute and uniform 
convergence of E(s,f,g) for g in certain Siegel set and £Res large enough. By 
boundedness of the cusp form /, it is enough to prove the absolute convergence 
of E(s,h,g). The main ingredient of the proof is the systematic use of Demazurc 
modules together with some technical estimations. We follow Garland's idea in 
Our arguments in the adelic settings also involve a property of algebraic number 
fields, which is analogous to the Riemann-Roch theorem for algebraic curves. 

5.1. Demazure modules. Recall that for any dominant integral weight A, we have 
the irreducible highest weight module V\, and the highest weight vector v\ such that 
Va,A,z = ^v\. There is a map | • | : Va,a — > R>o defined in section 3.4. The highest 
weight vector v\ embeds into V\,a diagonally. Recall that L is the fundamental 
weight such that (L, a^) = 0, i = 1, . . . , n, and (L, ckq ) = (L, c — a v ) = 1. Then by 
Lemma 13.211 it follows that the height function h s can be defined as 

(5-1) h s {g) = \g- 1 v L \- s , 

where vl is the highest weight vector in Vl,k a s above. 

The simple equation (|5.1[) plays a crucial role in the proof of the absolute con- 
vergence of Eisenstein series. In this section we shall collect some basic results on 
the Demazure module V\(w), which is associated with a dominant integral weight 
A and w G W, and is a submodule of V\ defined below. 

Recall that n+ = (J) g a is the Lie algebra of U. Let W z (n+) be a Z-form of the 

a£<E> + 

universal enveloping algebra W(n+) of n+. We define 

(5.2) V x (w) z =U z (n + )-wv x . 

n 

Let A(w) be the subset of all weights fi of V\ such that /i > wX, i.e. /i-wA = ^ hoti, 
li G Z>o- Then it is clear that 

(5.3) Vx(w) z c Vw 

For any field F we define the Demazure module over F corresponding to A and 
w by V\{w)p — V\(w)z ® F. Let V\(w)a C V\,a be the restricted product 

V 

with respect to V\(w)o v = V\(w)z ® O v defined for all finite places v. If <f> = ® v 4>v 
such that 4> v is a linear operator on V\,f v and §v preserves V\ y o v for almost all 
finite places v, then we define 

(5-4) ||^||= sup \\4, v x\\, W=nil^ll« 

^eV^,i?,||a:||=l „ 

and 

(5.5) \<j) v | = sup \<t><vx\, \(j>\=Y\_\4>v\- 

xev x<F ,\\x\\=i v 
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Note that \4> v | = ||0t'|| 2 or \\(f)v\\ according to v is complex or not. If <j> v preserves 
V\(w)f v for each v, then we define || • \\ w and | • \ w similarly by restriction. In 
particular \\(p v \\ w < \\(p v \\, \<f>v\w < \4>v\- 

Let F be a local field. We shall estimate the norm of xp(u) acting on V\(w)f, 
where ft £ $ re+i u £ F. By Lemma 13.31 we have the group homomorphism tpp : 
SL 2 (F) -> G(F((i))) such that 



Then it follows that 



and ^ maps the maximal compact subgroup of SL-2(F) into K . 
If F = M or C, consider the Cartan decomposition 

where fc lies in the maximal compact subgroup of SL2(F), and a > a^ 1 > 0. 
Compare the trace and determinant of both sides it is easy to obtain 

(5.7) a = a{u) = . 

Lemma 5.1. ([11] Lemma 4.1) Suppose F = K or C, /? € $re+, u £ F. The square 
norm ||x/3(u)||J, ofxp(u) restricted on V\(w)f , is bounded by 

sup a(w)^'^ V >, 

[iGweights of V\(w) 

where a(u) is given by ( |5. 7[ ). 

Proof. The adjoint operator of 5?^ (it) is 2?_^(w), which follows from the facts that 
X Q ® t % and X_ Q ® (a £ <&) are adjoint operators, and that the inner product 
is hermitian. Then by above discussions we get 

P/3(w)lll = sup \\xp(u)v\\ 2 

v£V x (w) F ,\\v\\ = l 

= sup (x-p($[)xp(u)v,v) 

vev x (w) F ,\\v\\=i 

= sup (kj3hp(a)k'^ 1 v,v) 

veV x (w) F ,\\v\\=l 

= sup (hp(a)v,v) 

v£V x (w) F ,\\v\\=l 

< sup 

/lEwcights of V\(w) 

where a = a(u) and hp = fp(k) £ K, with k the element appearing in (|5.6I) . □ 

Lemma 5.2. Suppose F is a p-adic field, j3 = a + iS £ $ r e+, u £ F. Then 
\xp(u)\ w — 1 if \u\ < 1, and is bounded by 

|2|<M,a V )l 



sup \u\ 

[i£weights of V\(w) 



if\ U \ > 1. 
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Proof. If \u\ < 1 the lemma is clear since xp{u) G K which preserves the norm 
on V\ t F- Assume that |u| > 1. Then 

\xp{u)\ w = \h a (u)x l 3(u~ 1 )h a (u~ 1 )\ w 

< |/ia(u)|^|ft. ct (M _1 )|^ 

< sup M 2 ^' aV >l. 

//^weights of V\(w) 

□ 

Consider the real Cartan subalgebra 

f) B = f) R © Rc Kd, 

and its dual 

K = f)JffiWe ML. 
For any ji G fyg, write as the decomposition 
(5.8) n = no - k^S + cr^L, 

where ft 6 ^ e ^- If is a weight of V\(w), then > wA and k m < k^a- 

We impose the condition n\ — in order that A be dominant integral. The following 
lemmas are due to Garland For reader's convenience we shall sketch the proof. 

Lemma 5.3. Let A G f) R be a dominant integral weight A. Then there exists a 
constant kq > such that for all w G W, 

k w \ < kqI(w) 2 

and for any weight fi of V\(w), w ^ 1, 

(Mo,Mo) < nol{w) 2 . 

Proof. We only prove the first inequality. See [11] for the proof of the second 
one. Let us write A = Ao + o\L, where A G f)*, <J\ G N. Write w = T 7 wo where 
7 G Q v , w G W. Then by Lemma [2^1 

wA = w X Q + a x L + cr A 7 - ((^0,7) + ~k (7> 7)) & 

It follows from Lemma 15.61 below that 

Kwx = (Ao,7) + -y (7)7) 

= 0(1)|| 7 || 2 
= 0(1);(T 7 ) 2 

< o(i)(;h + |$ + |) 2 . 

From this the first inequality is clear. Here we denote by O(l) a bounded term. □ 

As a consequence of this lemma we obtain the following result. 

Corollary 5.4. Given k > 0, there exists n\ > such that for all w G W, 
and for all j3 G $ o/ i/ie /orra 

(3 = a + i5, <i < nl(w), a G $, 

we /lave (/i,/3 v ) < K\l{w) for any weight fi ofV\(w). 
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Proof. Write fi = fj, - k^S + a\L. By LemmaEU /3 V = § (a v , a v ) c + a v . Then 
from Lemma 15.31 it follows that 

(fi,(3 v ) = (fi ,a y ) + - (a v ,a v )cr A 

< (4ll« v ll + fl|a v l|V A )zH. 

Let K\ be the maximum of above coefficient of l(w) over a £ <£. □ 

The condition on /3 in Corollary 15.41 is satisfied in the following case. 

Lemma 5.5. There exists k £ N smc/i i/iai for all w £ W and ft — a + i5 £ <£> lu = 
<f>+ PI iu<lL («£$,!£ Z>o), we Ziaue < i < /cZ(tw). 

Proof. Write w~ x — T 7 wa where 7 e Q v , roo e ^ Then 

w~ 1 f3 = u>oa + (i — {woa, 7)) J < 0, 

which implies that i < (woa, 7) < ||7||||Q!||. The proof follows from the following 
lemma, together with the inequality l(T 7 ) < l(w) + 1(wq) < l(w) + |3>+|. □ 

Lemma 5.6. There exists k > such that \\~/\\ < kZ(T 7 ) for all 7 £ Q v . 

Proof. From [21] Proposition 1.23 we get 

n 

l(T 7 )= ]T |(a,7>l>E l(«i,7>|. 

a£4>+ i=l 

7 can be written as a linear combination of the fundamental coweights, with coef- 
ficients (04,7), 1 < i < n. The lemma is clear from this observation. □ 

The Demazure module V\(w)f is preserved by the action of the elements x a (u), 
a £ $, u £ tF[[t]], and h a (u), a £ $, u = 1 mod i.F [[£]]. 

Lemma 5.7. Lei k be given as in Lemma \5.5\ For any w £ W, the elements x a (u), 
a £ u £ t tti ("') J F[[t]] and h a (u), a £ $, u = 1 mod i^ 10 ) acf as identity on the 
Demazure module V\(w)f- 

Proof. Let it^-i = ® g Q be the Lie algebra of U w -i, then 

Let = {01, ...,/?;} with Z = l(w). The PBW Theorem implies that the mono- 
mials Xg* • • • XL 1 , ix, . . . ,ii £ Z>o, form a basis of U(u w -i). To prove the lemma, 
it suffices to show that Up(F) acts on V\(w)f trivially for each f3 = a + iS with 
a £ $ U {0}, i > kI(w). Then we are further reduced to show that Qp = g a +ig 
with a £ $ U {0}, i > nl(w) acts on Va(w)f as zero. We prove by induction on 
i\ + • ■ • + i\ that 

(5.9) Q P Xi\---X%wv x =Q. 

Since w^g^w = Q w -ip and w^ 1 /? > by Lemma [531 we have Qpwv\ — 0. Consider 
[fl/3)B/3i]i which is zero if /3 + fa £ $ and equals Qp+Pi otherwise. In each case the 
induction follows and (|5.9p is proved. □ 
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5.2. Estimations of some norms. Let F be a local field. In this section we shall 
apply the results of the previous section to estimate the norms of elements in U (F) 
acting on V\(w)f, under certain conditions. 

Lemma 5.8. (11, pp.228-232]) Suppose that F = R or C, x a (u) £ U{F), where 

OO 

a £ $, u = Ui? e F[[t}} (e tF[[t}} if a£ $_) such that \u t \ < Mr 1 , i = 0, 1, . . . 

i-0 

for some M > andO < r < 1. TTien HS'ce C**) — ^pC^M.tK^)) for some constant 
Km,t only depending on M and r. 

Proof. Consider j3 = a + i5 £ <& r e+ , Ui £ F. Let k £ N be the constant in Lemma 
15.51 If i > kI(w) then xp{ui) acts on V\(w)f trivially; if i < kI(w), by Lemma I5TT1 
and Corollary 15.41 we have 



|^(ui)||*< sup a(u)^ <a{ Ui Y^ w \ 

weights of V\(w) 

where a(ui) > 1 is given by f)5.7jl . It is easy to show that there exists cm > 
depending on M such that a(ui) < 1 + cmt 1 . Then by Lemma IHTT1 we have 

kI(w) — 1 

Pa(«)||u = II I| Xc+is( U i)\\l> 
i=0 
kI(w) — 1 

< n 11^+^(^)11^ 

i=0 
kI(w) — 1 

< n (i+c M tt i,w 

2 = 

(«;(t«)-i 
k\CmI{w) 2_j t% 

< exp {(it) J 

VI - r 

The lemma follows if we set Km T = KlCM - . □ 

' 2(1 - r) 

OO 

Lemma 5.9. ( 11, pp.233-240]) Suppose that F = R or C, u = I + Ujt j G 

1 + smc/i t/iat \uj\ < Mr 3 , j = 1,2,... /or some M > and < r < 1. 

TTien ||/i ai (it)|| w < exp(/ejf )r Z(«;)), * = 1, ■•■,«■ + 1, /or some constant km,t only 
depending on M and t. 

Proof. Let us consider the following two cases: 

Case 1: w" 1 ^ < 0. Let w' = w ai w, then l(w) = l(w') + 1. Moreover if we write 
= $+ rW$_ = {A, ■ • ■ then = {ai,n/3 u . . . We shall 

prove the following: 

(5.io) x_ w v A H F c y A H F , 



(5-11) 



14(w')_f c V\(w)f- 
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To prove (|5.10|) it suffices to prove that for . . . ,ji-i G %>o, 

X_ at X^X J r \ h ■ --X^lwvx G V x (w) F . 

We use induction on j+ji + . . . +ji-i- It is clear by assumption that X- a( wv\ = 0. 
The induction follows since [X- ai ,X ai ], [X_ ail X ri p 1 ],..., [X- ai , X n ^ l _ 1 ] G b = 

f) ©n+. Vx(^)f is also preserved by X ai , hence it is preserved by w ai . Then (|5. 
follows from 

X fh ' " ' X p l Z\' w ' V * = w, «,("'<i, 1 ft«'«i) 31 • • • {WaiXft^WaiY'^WVx £ V\(w) F . 

Since w ai = w ai (l) G if which preserves the norm, by Lemma 15.81 and its proof we 
obtain 

\\h ai {u)\\ w = \\w ai (u)w ai (l)~ l \\ w 
= \\w ai (u)\\ w 

< pQ I (w)||t U p-Q,(-'«~ 1 )||™pQ i (w)||«. 

Case 2: w^ 1 ^ > 0. Then thanks to (|5.10l) and (15 . 1 1[) . V\(w')f is preserved by 
X- ai and w ai , and we have V\(w)f C Va(w/).f. Apply the result in Case 1 we get 

\\h az (u)\\ w < \\h ai (u)\\ w > < exp(3 km,t(1(w) + 1)). 

Combine the two cases, the lemma holds for Km,t — 3km,t + 1. □ 

We have the following p-adic analog of Lemma 15.81 
Lemma 5.10. Suppose that F is a p-adic field, x a (u) G U , where a G $, u = 

oo 

J2 Uit 1 G F[[t}] (g if a € $_) suc/i ttai |uj| < M, i = 0,1,... /or some 

i=0 

M > 0. Then \x a (u)\ w < exp(KM^(w)) / or some constant km only depending on 
M. 

Proof. We may assume that M > 1. By Lemma [531 we have 

|(/x,a v )| - |(Mo,a v )| < 4\\a v \\l(w) < Kl l(w). 
for any weights /i of Va(w). Following the proof of Lemma T5.2I we obtain 
\x a (u)\ w = fr a {M)x a (M- 2 u)h a (M- l )\ w 

< |ft a (M)| w |ft a (M- 1 )| w 

< sup \M\ 2 ^' aV ^ 

/iEwcights of V\(w) 

< \m\ 2ki1( - w \ 

note that x a (M~ 2 u) G if. The lemma follows by setting km = 2ki logM. □ 

Let F be any local field. Recall (|3.29j) that c(q), q G F x acts on Va,f by 

a(q)v = q^v 

for each v G Vx, m ,.f. Then 

lk(q)IU< sup |q|^ d >< sup \q\^ d > . 

/j,£weights of V\(w) fj,£A(w) 
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If A = L, then (/i, d) < for any [i £ A(u>). In this case we obtain the following: 
Lemma 5.11. Assume A — L, q E F x . TTien 

IKq)||™-| |(j(qri|j j/|q| < L 

From this lemma we can get the following global result. 

Corollary 5.12. Assume A = L. q — (q„)„ £ I. T/ien |c(q)| w = 1 if \q v \ v > 1 /or 
eac/i u, and |cr(q)| w = cr(q)"' L if \q v \ v < 1 /or each v. 

Proof. This is clear from the fact |o"(q)|™ = Y\ v \cr(q v )\ w . □ 

5.3. Convergence of Eisenstein series. In this section we prove the absolute 
convergence of Eisenstein series everywhere, whenever the conditions of Theorem 
14.41 are satisfied. The uniform convergence of Eisenstein series over certain analog 
of Siegel set will be established. The main result is the following: 

Theorem 5.13. Fix q E I, |q| > 1. There exists a constant c q > depending on 
q, such that for any e > and compact subset fl ofT(A), E(s,f,g) and E(s, h,g) 
converge absolutely and uniformly for s E {z E C|*Kez > max(/i + h v + £,Cq)} and 
g E U{A)Qa{q)K. 

Proof. We only need to prove the theorem for E{s,h,g). Let us write g = 
u g a g a(q)k g , where u g E £7 (A), a g E ft, \q\ > 1 and k g E K. Since E(s,h,g) is 
left G(F(i))-invariant, by Lemma 13.271 we may assume that u g E Ut>. We may 
also assume that F g = 1. Recall (|5.1[) that h s is the height function such that 
h s{g) = \9~ 1 vl\~ s , and 

E(s,h,g)= h s (w ig ). 

weW(A,(t>) y£U w (F) 

Let C > 1 be a constant which will be determined later. Write q = qiq^ 1 such 
that 

(i) qi,q2 E 1+ := {x = (x v ) v £ I| \x v \ v > 1,W}, 
(m) I q i^j I > C for each w|oo. 

By Lemma l5.12[ lo^q^ 1 )^-! = cr(q~ 1 ) u ' 1 - L .Assume7E U W (F). Let 51 = w g a ff cr(qi) = 
ga(q2). Since (t«7gi) _1 «L E Vl(w _1 )a, we have 

(5.12) hi(vryg) = \{w 19 y 1 v L \~ l 

= |o-(q 2 )(w73i) _1 i; L r 1 

< W(q2 1 )\w-A(wjgi)~ 1 v L \- 1 

Similarly for any u £ £7(A) we have (w"fugi)~ 1 vj 1 E Vl(w~ 1 )a- Note that gi acts 
on Vl(u> -1 )a, therefore 

(5.13) hiiwygi) = I^V 1 ™ -1 ^! -1 

= iffr lw " 1 ffi u- i ^i(^t'"s , i)- 

Assume u £ [/p, and we shall estimate \g^ 1 u~ 1 g\ \ w -i , which is bounded by 
(a 9 a(qi)) _1 Wg 1 (a g CT(qi))| w -i|(a 9 CT(qi))" 1 u" 1 (a 9 CT(qi))U-i|(a g CT(qi)) _1 u 9 (a 3 CT(qi))U-i. 
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Let us estimate \(a g <j(qi))~ 1 u~ 1 (a g <7(qi))\ w -i . Other factors can be treated sim- 
ilarly. Since u^ 1 G U-p, u^ 1 is a product of the elements x a (u a ) where either 
a G $ + , u a G —T>(t) + or a G w Q G —tD(t) + , and the elements h ai (v,i), 
Ui G (l + <£>(<) + )-\ i= l,...,n. 

By our choice of T>, there exists Mp > such that for any a; = (x v ) v e P we 
have < Mp for each w|oo. Then for any r\p > 2Mp, there exists M > such 

oo 

that such that if x = 1 + £ Xjfr 7 ' G (1 + iX>(*)+) _1 , then |aij | < Afr^, j = 1, 2, . . . 

j'=i 

for each i>|oo. In fact x G (1 + <2?(<)) _1 implies that x^ 1 defines a non-vanishing 
series absolutely convergent in the range |i| < (2-Mp) -1 , hence so is x v itself. This 
implies 

1 1 1 
; > > — , 

lim sup ypr^oj 2 Afp ryp 

whence the assertion follows. 
Consider 

(a g cr(qi))" 1 /i ctl (w l )(a g (T(qi)) = h ai (^(qi" 1 ) ■ 
Let C > 1 be any constant such that 

(5.14) C>rjv> 2M V . 

Apply Lemma 15.91 with M chosen as above and r = C~ x r\p, we get a constant 
Kc,v '■= 2km, t such that 

|^a 4 (o-(qf x ) -Ui) v \ w -i < exp (kc,vI{w)) 

for each i;|oo. On the other hand it is clear that h ai (o^qj -1 ) • Ui) v G !?„ for v < oo. 
Therefore 

(5.15) Iha^aiq^ 1 ) ■ iii)\ w -i < exp (|S , 00 |kc,i>K'" j )) j 

where S 1 ,^ is the set of infinite places of F. 
Now consider 

(a g a(q 1 ))~ 1 x a (u a )(a g a(q 1 )) = x Q (ag c^qj -1 ) • u a ). 
Since fHs a compact subset of T(A), we may assume that 

n g n x n r (°«) 

where Sq D Soq is a finite set of places, and we can find Mq > such that 
a" | < Mq for any a G Q, v G Sq and a G Apply Lemma [5781 with M' = MqM v 
and t' = C _1 , we get a constant kc.v.q '■— 2k>M',t' such that 

|x„(aga(q 1 " 1 ) ■ u a ) v \ w -i < exp (K C ,p,nl(w)) 
for u G 5*00. Apply Lemma 15.101 we get 

|J Q (agCr(qr 1 ) ■ "a)i>U-i < exp (n M J{ w )) 
for i! G Sq\S 'oo- Therefore 

(5.16) |x Q (aga(q 1 ; 1 ) • u a )\ w -i < exp ((|5oo|/«c,23,n + \Sn\Soo\KMn)K w )) ■ 

Combine (|5.15l) and (I5.16[) . we conclude that there exists a constant Kc,p,q such 
that 

Isr^ffil™- 1 < exp (kc,v,qI(w)) 
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for any u £ Uv, hence for any u £ U(F)\U(A). From (|5.12|) and (|5.13|) . it follows 
that 

(5.17) hi(wyg) < exp (K C ,x>,nJM) ^(q^ 1 )™ lL hi(wyugi). 

Now we are ready to finish the proof of the theorem. We may assume that 
s £ H e is a real number. Take sth power of both sides of (|5.17|) and integrate over 
U{F)\U(A), we obtain 

E(s,h,g) < V exp(sK C ,-D,oZ(w))cr(q^ 1 ) s '" ' L / V h s (w^ug x )di 

]T exp( S Kc,p,aZH)a(q 2 - 1 )^" i (a g( 7(q 1 ))^"( sL -^c w ( S ) 

J2 exp( s ^ i oZ^))^(q2)^ u '"' ? (a s( T(q)) ?+,i '" (si ^c U) ( s ). 
wew(A,0) 

Let us keep track of the proof of Lemma 14.51 Let 



Co, = maxc„ = max \a a \ < M, 



Sol 



Then (|4~2"T) reads 



Plug in (fO0]l . (|4~22)1 and c w (s) < 4 W , we see that 
< iVFlexp^c^l^+Dfeco) 1 ^ 1 

x E (cS 2 c^ s+C2 ) l|A| N e X p( S 7£c7,^,oc 2 ||A||)|q 2 | c ^ll A n+^l^ll 2 | q |-^l^[l--^I^N 2 

AGQ V 

The last summation converges if and only if 

|q 2 | 2 |q| 2 < i, 

i.e. 

log |q 2 | 



(5.18) s > c a := h y 1 , 

V lo slql 

It is clear that convergence is uniform for all s satisfying (|5.18[) . □ 

When | q | is large enough, we can replace c q by a constant which does not depend 
on q. We need the following lemma [27l p. 143]. 

Lemma 5.14. There exists a constant cf > 1 depending on the number field F 
such that, for all q € I, |q| > cf there exists x £ F x such that 1 < |xq v |.u < Jqj for 
each place v. 

Since the Eisenstein series are left a(F x )-invariant, and a(F x ) normalizes {/(A)T(A), 
we may replace q in Theorem l5.13l bv xq for any x £ F x . Therefore we may assume 
that q satisfies the conclusion of Lemma f5 . 1 41 whenever |q| > cp. In this case q 2 can 
be chosen such that \({2v\ = 1 for v < oo, and \c\2v\ < C for each v\oo. Then we have 

logC 



(5.19) |q 2 |<C 2 l s -l, c a <c' F :=h y 1 + 2^,, 

In summary we obtain the following result. 
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Theorem 5.15. For any e > and compact subset Q of T(A), E(s,f,g) and 
E(s,h,g) converge absolutely and uniformly for s 6 {z G C|$Hez > max(/i + h v + 
e,c^)} and 5 G (/(Ajfiacp-iif, where cf and c' F are given by Lemma \5.14\ and 
(5.19\) respectively. 

The constants in the theorem can be made explicit for the case F = Q. In fact 
we get the same range of convergence as that of constant term of the Eisenstcin 
series. Namely Theorem 14.41 also holds for Eisenstein series itself. 

Corollary 5.16. Let F = Q. Then for any £,r) > 0, E(s,f,g) and E(s,h,g) 
converge absolutely and uniformly for s G H E and g G U(A)a rt K. 

Proof. It is clear that cq in Lemma 15.141 can be chosen to be arbitrary constant 
greater than 1. Fix cq = 1 + rj with n > 0. We may choose 

p 

and Mp = — . It follows from (|5.14l) and (I5.19[) that we can choose C to be close 
enough to 1 such that c'q < h v + e. □ 

As mentioned in the introduction, we conjecture that Corollary 15.161 holds for 
arbitrary number field, or in general for a global field F. For the geometric case 
that F is the function field of a smooth projective curve X over a finite field ¥ q , 
Lemma 15.141 boils down to the Riemann-Roch theorem. Namely, let D q be the 
divisor corresponding to q G I, in order that H°(—D q ) ^ it is sufficient that 
-deg(L> q ) + l-.g>0, i.e. 

| q | = <r degD, > ?9) 

where g is the genus of X. Hence we set cf = q g + n and c' F = h y , since = 0. 
In particular, the condition for s reduces to s G H £ , and Corollary 15. 161 is true for 
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